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Abstract 

A geometric formulation which describes extended supergravities in any dimension in presence of 
electric and magnetic sources is presented. In this framework the underlying duality symmetries 
of the theories are manifest. Particular emphasis is given to the construction of central and 
matter charges and to the symplectic structure of all D = A, A^-extended theories. The latter 
may be traced back to the existence, for A" > 2, of a flat symplectic bundle which is the N > 2 
generalization of AT = 2 Special Geometry. 
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1 Introduction 



Recent developments on duality symmetries in supersymmetric quantum theories of 
fields and strings seem to indicate that the known different string theories are different 
manifestations, in different regions of the coupling constant space, of a unique more funda- 
mental theory that, depending on the regime and on the particular compactification, may 
itself reveal extra (11 or 12) dimensions 0, [Q. A basic aspect that allows a comparison 
of different theories is their number of supersymmetries and their spectrum of massless 
and massive BPS states. Indeed, to explore a theory in the nonperturbative regime, the 
power of supersymmetry allows one to compute to a large extent all dynamical details 
encoded in the low energy effective action of a given formulation of the theory and to 
study the moduli (coupling constants) dependence of the BPS states. This latter prop- 
erty is important in order to study more dynamical questions such as phase transitions in 
the moduh space ||^, 0, 0,0, or properties of solitonic solutions of cosmological 



interest, such as extreme black holes |[10| and their entropy. A major mathematical tool 



in these studies is the structure of supergravity theories in diverse dimensions [|TT| and 
with different numbers of supersymmetries. These theories have a central extension that 
gives an apparent violation of the Haag-Lopuszanski-Sohnius theorem |T2|, since they in- 



clude "central charges" that are not Lorentz- invariant |]T3|. However, these charges are 



important because they are related to p-extended objects (for charges with p antisym- 
metrized indices) whose dynamics is now believed to be as fundamental as that of points 
and strings In fact point-like and string-like BPS states can be obtained by wrap- 
ping p (or p — 1) of the dimensions of a p-extended object living in D dimensions when 
d > p dimensions have been compactified. It is the aim of this paper to give a detailed 
analysis of central extensions of different supergravities existing in arbitrary dimensions 
4 < D < 10 in a unified framework and to study the moduli dependence of the BPS mass 
per unit of p-volume of generic BPS p-branes existing in a given theory. A basic tool 
in our investigation will be an exploitation of "duality symmetries" ||14|| , |]T5| (rephrased 



nowadays as U-duality) of the underlying supergravity theory which, for a theory with 
more than 8 supercharges, takes the form of a discrete subgroup of the continuous isome- 
tries of the scalar field sigma model of the theory |TB[ . Duality symmetries, which rotate 
electric and magnetic charges, correspond, in a string context, to certain perturbative or 
nonperturbatives symmetries of the BPS spectrum, playing a crucial role in the study of 
string dynamics. In many respects the present investigation can be considered as a com- 
pletion of the list of theories reported in the collected volume papers by A. Salam and E. 
Sezgin |1T|. This paper will cover, for self-consistency, material covered but scattered in 



the literature, and then some new material, such as the details of some theories in D = 6 
and D = 8,9 dimensions. The basic focus of our approach is that the central extension of 
the supersymmetry algebra ||12[|jl^ is encoded in the supergravity transformation rules. 
The latter can be derived from supersymmetric Bianchi identities, even if the complete la- 
grangian has not yet been derived. Of course a careful study of these identities also allows 
a complete determination of the lagrangian, whenever it exists. Among the novelties of 
this analysis is a new formulation of D = 4, A^-extended theories with > 2, in which a 
manifest symplectic formulation is used. In particular all these theories have in common 
a flat symplectic bundle which encodes the differential relations among the symplectic 
sections and therefore among the central and matter charges. In this respect the N = 2 
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case, related to Special Geometry |T^, |T^, simply differs from the N > 2 cases by the 
fact that the base space is not necessarily a coset space. This is related to the physical 
fact that N = 2 Special Geometry suffers quantum corrections. For higher dimensional 
theories, relations between central and matter charges for different p-extended objects 
are derived in analogy with previous known results in D = 4 and D = 5. For D > 4 the 
embedding in a duality group that rotates electric into magnetic charges is only possible 
for D/2 = p + 2, which covers the cases of D = 6, 8. 

A shorter version of this paper, with particular emphasis on the existence of duality 
invariant entropy formulae in higher dimensions, already appeared in the literature . 

The paper is organized as follows: 
In section 2 we recall how different supergravity theories are related to the low-energy 
limit of different string theories and their M-theory or F-theory extension. 
In section 3, which is the main body of the paper, a general discussion of the geometric 
framework for all D and is presented and, in particular, the symplectic embedding of 
all D = 4 theories is formulated. The subsequent sections, which may be skipped by 
a reader not interested in the details of a particular theory, consider the higher D and 
higher N theories in the formalism discussed in section 3. In section 4 the D = 4, N > 2 
theories are presented. In section 5 matter coupled D > 4 supergravities are discussed. In 
sections 6 and 7 the maximally extended theories in odd and even dimensions respectively 
are reported. 



2 Extended supergravities and their relations with 
superstrings, M-theory and F-theory 

It is worth while to recall the various compactifications of superstrings in 4 < D < 10 
as well as of M-theory and their relation to extended supergravities and their duality 
symmetries. In the string context the latter symmetries are usually called S, T and 
U-dualities. S-duality means exchange of small with large coupling constant, i.e. strong- 
weak coupling duality. T-duality indicates the exchange of small with large volume of 
compactification while U-duality refers to the exchange of NS with RR scalars. The major 
virtue of space-time supersymmetry is that it links toghether these dualities; often some 
of them are interchanged in comparing dual theories in the nonperturbative regime. In 
this paper we will only consider compactifications on smooth manifolds since the analysis 
is otherwise more complicated (and richer) due to additional states concentrated at the 
singular points of the moduli space. The key ingredient to compare different theories in 
a given space-time dimension is Poincare duality, which converts a theory with a (p + 2)- 
form into one with a. {D — p — 2)-form (and inverse coupling constant). For example, at 
D = 9 Poincare duality relates 4- and 5-forms, at D = 7 p[ 3- and 4-forms and at D = 5 
2- and 3-forms . These relations are closely related to the fact that type IIA and type 



IIB are T-dual at D = 9 [22], heterotic on T3 is dual to M-theory on K3 at D = 7 



and heterotic on K3 x Si is dual to M-theory on CY3 at D = 5 [^, P|. Let us consider 



dualities by first comparing theories with maximal supersymmetry (32 supersymmetries). 
An example is the duality between M-theory on at large radius and type IIA in D = 10 
at strong coupling. For the sequel we will omit the regime where these theories should 
be compared. We will just identify their low-energy effective action including BPS states. 
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Further compactifying type IIA on 5*1, it becomes equivalent to IIB on 5*1 with inverse 
radius. This is the T-duahty alluded to before. It merely comes by Poincare duality, 
exchanging the five form of one theory (IIB) with the 4-form of the other theory (HA). 
The interrelation between M-theory and type IIA and type IIB theories at -D < 9 explains 
most of the symmetries of all maximally extended supergravities. At D = 8 we have a 
maximal theory with U-duality [0 group 5/(3, Z) x Sl{2, Z). The 5/(3, Z) has a natural 
interpretation from an M-theory point of view, since the D = 8 theory is M-theory on 
T3. On the other hand, the additional 5/(2, Z) which acts on the 4-form and its dual 
has a natural interpretation from the type IIB theory on T2, in which the 5/(2, Z) is 
related to the complex structure of the 2-torus |]2^. At D = 7 the 5/(5, Z) U-duality 



has no obvious interpretation unless we move to an F-theory setting This is also 
the case for D = 6,5,4, where the U-duality groups are 0(5, 5; Z), E^^i^) and E-jj{W.) 
respectively. However, they share the property that the related continuous group has, as 
maximal compact subgroup, the automorphism group of the supersymmetry algebra, i.e. 
5p(4), 5p(4) X 5p(4), Usp{8) and 5t/(8) respectively for D = 7, 6, 5 and 4. The U-duality 
group for any D corresponds to the series of -Eii-d Lie algebras whose quotient with the 
above automorphism group of the supersymmetry algebra provides the local description 



of the scalar fields moduli space [25|. Recently, a novel way to unravel the structure 



of the U-duality groups in terms of solvable Lie algebras has been proposed in |26 



Moving to theories with lower (16) supersymmetries, we start to have dualities among 
heterotic, M-theory and type II theories on manifolds preserving 16 supersymmetries. 
For D = 7, heterotic theory on T3 is "dual" to M-theory on K3 in the same sense that 
M-theory is "dual" to type IIA at D = 10. Here the coset space 0(1, 1) x Q^^^^oiw) 
identifies the dilaton and Narain lattice of the heterotic string with the classical moduli 
space of K3, the dilaton in one theory being related to the volume of K3 of the other 
theory 0]. The heterotic string on T4 is dual to type IIA on K3. Here the coset space 
0(1, 1) X o{i)x'o{20) identifies the Narain lattice with the "quantum" moduli space of K3 
(including torsion). The 0(1,1) factor again relates the dilaton to the K3 volume. A 
similar situation occurs for the theories at D = 5. AtZ} = 4a new phenomenon occurs 
since the classical moduli space ^^^^^^^ x o(g)x'o{22) interchanges S-duality of heterotic 
string with T-duality of type IIA theory and U-duality of type IIB theory If we 

compare theories with 8 supersymmetries, we may at most start with D = 6. On the 
heterotic side this would correspond to K3 compactification. However at = 6 no M- 
theory or type II correspondence is possible because we have no smooth manifolds of 
dimension 5 or 4 which reduce the original supersymmetry (32) by one quarter. The least 
we can do is to compare theories at D = 5, where heterotic theory on K3 x Si can be 
compared [^] and in fact is dual, to M-theory on a Calabi-Yau threefold which is a K3 
fibration [^. Finally, at D = 4 the heterotic string on K3 x T2 is dual to type IIA (or IIB) 
on a Calabi-Yau threefold (or its mirror) |2^, ||30|, ||31|. It is worth noticing that these 
"dualities" predict new BPS states as well as they identify perturbative BPS states of one 
theory with non-perturbative ones in the dual theory. A more striking correspondence 
is possible if we further assume the existence of 12 dimensional F-theory such that its 
compactification on T2 gives type IIB at D = 10 0. In this case we can relate the 
heterotic string on T2 at D = 8 to F-theory on K3 and the heterotic string at Z) = 6 on 
K3 with F-theory on a Calabi-Yau threefold |^ , . To make these comparisons one has 
to further assume that the smooth manifolds of F-theory are elliptically fibered H]. An 
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even larger correspondence arises if we also include type I strings |Q and D-branes 

in the game. However we will not further comment on the other correspondences relating 

all string theories with M and F theory. 



3 Duality symmetries and central charges in diverse 
dimensions 

3.1 The general framework 

All supergravity theories contain scalar fields whose kinetic Lagrangian is described by 
cr-models of the form G/H, with the exception of D = 4, = 1, 2 and D = 5, N = 2. 
Here G is a non compact group acting as an isometry group on the scalar manifold while 
H, the isotropy subgroup, is of the form: 

H = HauI® H matter (3.1) 

HAut being the automorphism group of the supersymmetry algebra while Hmatter is related 
to the matter multiplets. (Of course Hmatter = 1 in all cases where supersymmetric 
matter doesn't exist, namely iV > 4 in D = 4, 5 and in general in all maximally extended 
supergravities). The coset manifolds G/H and the automorphism groups for various 



supergravity theories for any D and can be found in the literature (see for instance |11 



|35|). As it is well known, the group G acts linearly on the (n = p+2)-forms field strengths 



^ai---a„ corresponding to the various {p + l)-forms appearing in the gravitational and 
matter multiplets. Here and in the following the index A runs over the dimensions of some 
representation of the duality group G. The true duality symmetry (U-duality), acting 
on integral quantized electric and magnetics charges, is the restriction of the continuous 



group G to the integers |jT6[. The moduh space of these theories is G{Z.)\G/H. 

All the properties of the given supergravity theories for fixed D and A^ are completely 
fixed in terms of the geometry of G/H, namely in terms of the coset representatives L 
satisfying the relation: 

Li<P')=gmh{g,<P) (3.2) 

where g G, h E H and cj)' = 0'(0), (p being the coordinates of G/H. Note that the 
scalar fields m G/H can be assigned, in the linearized theory, to linear representations 
Rh of the local isotropy group H so that dim = dim G — dim H (in the full theory, 
Rh is the representation which the vielbein oi G/H belongs to). 

As explained in the following, the kinetic metric for the {p + 2)-forms H^ is fixed in 
terms of L and the physical field strengths of the interacting theories are "dressed" with 
scalar fields in terms of the coset representatives. This allows us to write down the central 
charges associated to the (p + l)-forms in the gravitational multiplet in a neat way in 
terms of the geometrical structure of the moduli space. In an analogous way also the 
matter {p + l)-forms of the matter multiplets give rise to charges which, as we will see, 
are closely related to the central charges. Note that when p > 1 the central charges do not 
appear in the usual supersymmetry algebra, but in the extended version of it containing 
central generators ^ai---ap associated to p-dimensional extended objects (ai ■ ■ ■ are a set 
of space-time antisymmetric Lorentz indices) ^ |^ 
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Our main goal is to write down the explicit form of the dressed charges and to find 
relations among them analogous to those worked out in D = 4, = 2 by means of the 
Special Geometry relations |^ ||2S[ 



To any {p + 2)-form H we may associate a magnetic charge {{D —p — 4)-brane) and 
an electric (p-brane) charge given respectively by: 

9"-= I H'^ CA = / Gk (3.3) 

where Qa = 

These charges however are not the physical charges of the interacting theory; the latter 
ones can be computed by looking at the transformation laws of the fermion fields, where 
the physical field-strengths appear dressed with the scalar fields . Let us first introduce 
the central charges: they are associated to the dressed {p + 2)-forms T\g appearing in 
the supersymmetry transformation law of the gravitino 1-form. Quite generally we have, 
for any D and A^: 

= DtA + Ec.TAB|a....a„ A— "-e^K + • • • (3.4) 

i 

where: 



A. 



n 



Here D is the covariant derivative in terms of the space-time spin connection and the 
composite connection of the automorphism group Haui, Ci are coefficients fixed by su- 
persymmetry, V"" is the space-time vielbein, A = 1, - ■ ■ ,N is the index acted on by the 
automorphism group, Taj^...a^ are 7-matrices in the appropriate dimensions, and the sum 
runs over all the {p + 2)-forms appearing in the gravitational multiplet. Here and in 
the following the dots denote trilinear fermion terms. Each n-form field-strength is 
constructed by dressing the bare field-strengths with the coset representative L{(j)) 
of G/H, (f) denoting a set of coordinates of G/H. In particular, for any p, except for 
D/2 = p + 2, we have: 

TAb = W.(</>)^^' (3.6) 
where we have used the following decomposition of L: 

L = {Li^,Lf) L-' = {L^f,L\) (3.7) 

Here belongs to the representation of G under which the {p + 2)-forms transform 
irreducibly and the couple of indices AB and / refer to the transformation properties 
of L under the right action of Haui x Hmatter- More precisely, the couple of indices AB 
transform in the twofold tensor representation of HauIi which in general is a Usp{N) group 
(except in D = 8 and D = 9 theories where H^ut is SU{N) x f/(l) or 0{N) respectively), 
and / is an index in the fundamental representation of Hmatter which in general is an 
orthogonal group. Note that in absence of matter multiplets L = {L\^). In all these 
cases {D/2 7^ p + 2) the kinetic matrix of the (p + 2)-forms is given in terms of the 
coset representatives as follows: 

-LabaL^t. ~ LjaL^j. = -^As (3.8) 
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with the indices of HAut raised and lowered with the appropriate metric of Haui in the 
given representation. For maximally extended supergravities A/as = LabaL^t.- Note 
that both for matter coupled and maximally extended supergravities we have: 

LaAB = -^AJ^L^AB (3-9) 

When G contains an orthogonal factor 0{m,n), what happens for matter coupled super- 
gravities in D = 5, 7, 8, 9, where G = 0(10 — D,n) x 0(1, 1) and in all the matter coupled 
D = 6 theories, the coset representatives of the orthogonal group satisfy: 

L^rjL = 7] LrAlrs - LjaLjj: = r/As (3.10) 
L'L = M LrAUi: + LjaLj^ = AfAj, (3.11) 

where r] = ^ \ jg ^j^g 0{m,n) invariant metric and A = l,---,m; / = 



-lr _ 

1, ■ ■ ■ , n (In particular, setting the matter to zero, we have in these cases A/as = '7as)- 
In these cases we have: 

L\b = LMY)ab, (3.12) 

{Y)ab being the 7-matrices intertwining between orthogonal and USp{N) indices. 

When D is even and D/2 = p+2 the previous formulae in general require modifications, 
since in that case we have the complication that the action of G on the p + 2 = D/2-forms 
{D even) is realized through the embedding of G in Sp{2n, IR) {p even) or 0{n, n) {p odd) 
groups 



41|, 43 



This happens for D = A, N > 1, D = 6 , N = (2,2) and the maximally extended D = Q 
and D = 8 supergravities. Q (The necessary modifications for the embedding are worked 
out in section 3.2.) 

Coming back to the case -D/2 7^ p + 2, it is now straightforward to compute the central 
charges. 

Indeed, the magnetic central charges for BPS saturated {D — p — 4)-branes can be 
now defined (modulo numerical factors to be fixed in each theory) by integration of the 
dressed field strengths as follows: 

Z11)AB = l^^, = l^^^ LA^ABim""' = ^a.ab(0o)/' (3-13) 

where (po denote the v.e.v. of the scalar fields, namely (po = (pioo) in a given background. 
The corresponding electric central charges are: 

zUab = L LabaM) *H^' = L _^J^K^.L\M) ^H""^ = L^A^(0o)eA. (3.14) 

These formulae make it explicit that L\q and Laab are related by electric-magnetic 
duality via the kinetic matrix. 

Note that the same field strengths T^^ which appear in the gravitino transformation 
laws are also present in the dilatino transformation laws in the following way: 

SXABC = ■■■ + J2kLAaBi<l>)Ht-a..^'''""'"'^C + " " " (3.15) 



^The 6 dimensional theories N ~ (2,0) and N — (4,0) do not require such embedding since the 
3-forms have definite self-duaUty and no lagrangian exists. For these theories the formulae of the 
previous odd dimensional cases are valid. 
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In an analogous way, when vector multiplets are present, the matter vector field 
strengths are dressed with the columns La/ of the coset element ( p.7|) and they appear in 
the transformation laws of the gaugino fields: 

5Ai = cirPi^,9„0V^ + C2L/{<f>)F^\T'^'eA + ■■■ (3.16) 

where P^^ = P^^ ^dcj)^ (see eq. ( |3.23| ) in the following) is the vielbein of the coset manifold 



spanned by the scalar fields of the vector multiplets, Fj)^ is the field-strength of the matter 
photons and Ci,C2 are constants fixed by supersymmetry (in Z) = 6, iV = (2,0) and 
= (4, 0) the 2-form -F^F"* is replaced by the 3-form H^^^JP"'^'^). In the same way as for 
central charges, one finds the magnetic matter charges: 



= J,,,, ^a'^^ = Lj^iMg"" (3.17) 

while the electric matter charges are: 

Zie)i = I LM) 'F"- = f MKj,L\{ct>) = L\{(t>^)e^ (3.18) 

The important fact to note is that the central charges and matter charges satisfy 
relations and sum rules analogous to those derived in D = 4, iV = 2 using Special Ge- 
ometry techniques [4^. They are inherited from the properties of the coset manifolds 



G/H, namely from the differential and algebraic properties satisfied by the coset repre- 
sentatives L\. Indeed, for a general coset manifold we may introduce the left -invariant 
1-form Q = L~^dL satisfying the relation (see for instance |]35| ): 



dVL + Vl AVl = Q (3.19) 

where 

= JTi + P"T„ (3.20) 

Ti^Ta being the generators of G belonging respectively to the Lie subalgebra H and to 
the coset space algebra IK in the Cartan decomposition 

(E = H + 1K (3.21) 

(G being the Lie algebra of G. Here cu* is the H connection and P°, in the representation 
Rh of H, is the vielbein of G/H. Since in all the cases we will consider G/ H is a symmetric 
space ([1K,1K] C H), tu'Cj"^ (Q"^ being the structure constants of G) can be identified 
with the Riemannian spin connection of G/H. 

Suppose now we have a matter coupled theory. Then, using the decomposition ( p.21|) , 
from ( |3T9|) and (g) we get: 

^rA _ 1 rA CD , tA pi 
"-^ AB — 2 AB + I^AB 

dL\ = L^juj-^j + L^sPf"" (3.22) 

where P^^ is the vielbein on G/H and t^'^^B ^'^i the M^ut and lUmatter connec- 
tions respectively in the given representation. It follows: 

V(^)lV = L^Pi^ (3.23) 
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where the derivative is covariant with respect to the H-connection Using the 

definition of the magnetic dressed charges given in ( |3.13|) we obtain: 



V^^^Z^B = ZjPij, (3.24) 
This is a prototype of the formulae one can derive in the various cases for matter coupled 



supergravities [^. To illustrate one possible application of this kind of formulae let us 
suppose that in a given background preserving some number of supersymmetries Zi = 
as a consequence of (5A^ = 0. Then we find: 

V^^^Zab = ^ d{ZABZ^^) = (3.25) 

that is the square of the central charge reaches an extremum with respect to the v.e.v. of 
the moduli fields. Backgrounds with such fixed scalars describe the horizon geometry of 
extremal black holes and behave as attractor points for the scalar fields evolution in the 
black hole geometry ||43|1 . 

For the maximally extended supergravities there are no matter field-strengths and the 
previous differential relations become differential relations among central charges only. 
As an example, let us consider D = 5, N = 8 theory. In this case the Maurer-Cartan 
equations become: 

dL^B = 2^^CD^^^AB + PCDAB (3.26) 

where the coset representative is taken in the 27 x 27 fundamental representation of E^, 
^'"^B = AB is a couple of antisymmetric symplectic-traceless USp{8) indices, 

Q'^B is the USp{8) connection and the vielbein Pcdab is antisymmetric, CyiB-traceless 
and pseudo-real. Note that {L^q^)* = L^'^^ . Therefore we get: 

V(^)lV = I'L^'''' Pcdab (3.27) 

that is: 

V^^'^Zab = ^Z"""" Pcdab (3.28) 

This relation implies that the vanishing of a subset of central charges forces the vanishing 
of the covariant derivatives of some other subset. Typically, this happens in some super- 
symmetry preserving backgrounds where the requirement 5xabc = corresponds to the 
vanishing of just a subset of central charges. Finally, from the coset representatives rela- 
tions (3^) ( 3.10| ) it is immediate to obtain sum rules for the central and matter charges 



which are the counterpart of those found in = 2, D = 4 case using Special Geometry 
|]40| . Indeed, let us suppose e.g. that the group G is G = 0(10 — D,n) x 0(1, 1), as it 
happens in general for all the minimally extended supergravities in7<D<9,D = 6 
type II A and D = 5, N = 2. The coset representative is now a tensor product L — > e'^L, 
where e'^ parametrizes the 0(1, 1) factor. 
We have, from ( |3.10| ) 

L^riL = r] (3.29) 



where rj is the invariant metric of 0(10 — D, n) and from ( l3lS 



e 



(L*L)as=A/'ae. (3.30) 
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Using eq.s (3.13) and (3.17) one finds: 

\zabZab - ZiZi = /r/AE<7''e-2- (3.31) 

^ZabZab + ZiZj = g'^U^j^g'^ (3.32) 
In more general cases analogous relations of the same kind can be derived. 

3.2 The embedding procedure for D/2 = p+2 

In this subsection we work out the modifications to the formalism developed in the pre- 
vious subsection in the case D/2 = p + 2, which derive from the embedding procedure 



41| of the group G in Sp{2n,]R) {p even) or in 0{n^n) {p odd). We mainly concentrate 
on D = 4, while for D = 6, 8 we just outline the procedure, referring for more details to 
the next sections. Furthermore we show that the fiat symplectic bundle formalism of the 



D = A, N = 2 Special Geometry case |TB[, can be extended to > 2 theories. The 



N = 2 case differs from the other higher N extensions by the fact that the base space of 
the flat symplectic bundle is not in general a coset manifold. 
Let us analyze the structure of the four dimensional theories. 

In D = 4, N > 2 we may decompose the vector field-strengths in self-dual and anti 
self-dual parts: 

F^ = i(FTi^F) (3.33) 

According to the Gaillard-Zumino construction, G acts on the vector (F~^,^^) (or its 
complex conjugate) as a subgroup of Sp{2ny, IR) (n„ is the number of vector fields) with 
duality transformations interchanging electric and magnetic field-strengths: 

^(V) = (^n')' (3-34) 



where: 



-s 



Gl = ^fAI:F+^ (3.35) 

( A'G -C'A = 
5=(^; t: ) e G C 5p(2n^,lR) ^ \b'd-d'b = O (3.36) 

[A'D-G'B = 1 

and A/as, is the symmetric matrix appearing in the kinetic part of the vector Lagrangian: 

Cmu = iJfA^F-^F-'' + h.c. (3.37) 

If L{(j)) is the coset representative of G in some representation, S represents the embed- 
ded coset representative belonging to Sp{2n^, IR) and in each theory. A, B, C, D can be 
constructed in terms of L(0). Using a complex basis in the vector space of S'p(2n„), we 
may rewrite the symplectic matrix as an Usp{n^,n^) element: 
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where: 



A = { \ \) (3.39) 



The requirement U G Uspln^jU^) imphes: 

iif h-h^f) = 1 



ifh-h'f) = ^^-^^^ 

The subblocks of U are submatrices /, h which can be decomposed with respect 

to the isotropy group Haui x Hmatter in the same way as L in equation ( p.7|) , namely: 



h = ihAAB,hAi) (3.41) 

where AB are indices in the antisymmetric representation of H^ut = SU{N) x U{1) and 
/ is an index of the fundamental representation of Hmatter- Upper SU{N) indices label 
objects in the complex conjugate representation of SU{N): (Z^^)* = f^"^^ etc. 

Note that we can consider (/^^, h\AB) and (//■, hxi) as symplectic sections of a 
Sp{2n^,'^) bundle over G/H. We will see in the following that this bundle is actu- 
ally flat. The real embedding given by 5* is appropriate for duality transformations of 
and their duals according to equations (|3.36|) , ( p.35| ), while the complex embedding 



in the matrix U is appropriate in writing down the fermion transformation laws and su- 
percovariant field-strengths. The kinetic matrix A/", according to Gaillard-Zumino |41], 
turns out to be: 

U = hf-\ U = M' (3.42) 
and transforms projectively under Sp{2nv, IR) duality rotations: 

^' = {C + DX)iA + BX)-^ (3.43) 

By using (|3^)and (1021 ) we find that 

{f)-'=iiAf-Jf)J (3.44) 

which is the analogous of equation (|H^), that is 

/aba = {r')ABA = KAf-Af)AjJAB (3-45) 
fiA ^ (r')/A = i(Ar-Ar)As7^ (3.46) 

It follows that the dressing factor {L^)~^ = {L\ab, L\j) in equation ( |3.4| ) which was given 
by the inverse coset representative in the defining representation of G has to be replaced 
by the analogous inverse representative {/aab, /a/) when, as in the present = 4 case, we 
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have to embed G in Sp{2n, ]R). As a consequence, in the transformation law of gravitino 
(|3.4| ), dilatino ( p.l5| ) and gaugino ( p.l6|) we perform the following replacement: 

{Laab, Lai) Uaab^ /a/) (3-47) 

In particular, the dressed graviphotons and matter self-dual field-strengths take the sym- 
plectic invariant form: 

TXb = -AT')ABKF-^ = fUj^~Jf)K^F-'' = hAABF^^-f^sQl 

Tf = i{J'')iKF-'' = fhM -1^)a^F-^ = hAiF-'^ - I^Qa 

= {TabT 

T^^ = (Tf)* (3.48) 

(Obviously, for > 4, Lai = /a/ = ^/ = 0). To construct the dressed charges one 
integrates Tab = T^b + Fab (for iV = 3, 4) T/ = T/ + Tf on a large 2-sphere. For 
this purpose we note that 

T^B = hAABF^^-f^i,gt = (3.49) 
T+ = hAiF^"" - f^'Q^ = (3.50) 

as a consequence of eqs. (|3.42| ), ( |3.35| ). Therefore we have: 

Zab = J^^Tab = J^^iT^B + TXb) = J^^T^B = hAAB9^ - Iab^a (3.51) 
Zi = f Ti=f {T+ + Tr)=f Tf =hAig^-fteK {N < A) (3.52) 



where: 

ca 



i^- / = (3.63) 



and the sections (/^, /ia) on the right hand side now depend on the f.e.i'.'s of the scalar 
fields 0*. We see that the central and matter charges are given in this case by symplectic 
invariants and that the presence of dyons in D = 4 is related to the symplectic embedding. 
In the case D /2 ^ p + D even, or D odd, we were able to derive the differential relations 
( |3.24| ), ( ^.281 ) among the central and matter charges using the Maurer-Cartan equations 
( |3.23| ), ( p.27|) . The same can be done in the present case using the embedded coset 
representative U. Indeed, let V = U~^dU be the U sp{n^,nf) Lie algebra left invariant 
one form satisfying: 

rfr + r A r = (3.54) 

In terms of (/, h) T has the following form: 

V^U-^dU-( ^iPdh-h^df) i{pdh-hUJ) \ _ fQ(^^ V \ . . 

^ - ^ -[ -i{fdh - h'df) -i{fdh - h'dj) ) - \ V ^ ) ^ > 

where the n„ x n„ subblocks QS^"* and V embed the H connection and the vielbein of 
G/H respectively . This identification folUows from the Cartan decomposition of the 
Usp{n^,ny) Lie algebra. Explicitly, if we define the Haui x -f^maiier^covariant derivative 
of a vector V = {Vab, Vj) as: 

^V = dV- Vu, uj = (''^^Q^^ ji ) (3.56) 
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we have: 

f]W = i[/t(V/i + hoj) - h\Wf + fu)] = ujl (3.57) 

where we have used: 

V/i = ATV/; h = Mf (3.58) 

and the fundamental identity ( |3.4CI| ). Furthermore, using the same relations, the embedded 
vielbein V can be written as follows: 

V = -i{fVh - h'Vf) = if\U - Jf)Vf (3.59) 

From (|3.38|) and ( p.55|) , we obtain the (n^ x n„) matrix equation: 

V{uj){f + ih) = iJ + ih)V 

v(^)(/-i/i) = {7-ih)r (3.60) 

together with their complex conjugates. Using further the definition ( p.41|) we have: 

V(^)/i^ = ^t^'^P^^j+t'Pjj (3.61) 

where we have decomposed the embedded vielbein V as follows: 

^^(Pabcd Pabj\ (3g2) 

V -T /CD -T /J / 

the subblocks being related to the vielbein of G/H, P = L'^V^^^ L, written in terms of 
the indices of Haui x Hmatter- Note that, since / belongs to the unitary matrix U , we 
have: {/ab^ ft)* = (/ 5/ )• Obviously, the same differential relations that we wrote 
for / hold true for the dual matrix h as well. 

Using the definition of the charges ( |3.51|) , ( p.52|) we then get the following differential 
relations among charges: 

Viiu)ZAB = ZjPij, + h''''PABCD 

V{uj)Zj = h^^'PABi + ZjPf (3.63) 

Depending on the coset manifold, some of the subblocks of ( p. 621) can be actually zero. 
For example in = 3 the vielbein oi G/H = su{3)xsu{n)xu(i) EH Piab {AB antisym- 
metric), I = 1, ■ ■ ■ ,n] A, B = 1,2,3 and it turns out that Pabcd = Pij = 0. 

In iV = 4, G/H = X o^i^ H, and we have Pabcd = ^abcdP, Pij = PSij, 

where P is the Kahlerian vielbein of ^^^f^p-, (A, ■ ■ ■ , D SU{A) indices and /, J 0{n) indices) 
and Ptab is the vielbein of ^ . 

0(6)xO(n) 

For > 4 (no matter indices) we have that V coincides with the vielbein Pabcd of 
the relevant G/H. 

For the purpose of comparison of the previous formalism with the N = 2 Special 
Geometry case, it is interesting to note that, if the connection il^^^ and the vielbein V 
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are regarded as data ofG/H, then the Maurer-Cartan equations ( p.61| ) can be interpreted 

j^j^ / 

as an integrable system of differential equations for a section V = {Vab, Vi,V ,V ) of 
the symplectic fiber bundle constructed over G/H. Namely the integrable system: 



fVAB\ 



( 








IpABCD 






pABJ 
pIJ 



ABCD 



I Pa 
2 Pi CD 








Pabj \ 
Pij 


/ 



fVcD\ 

V V J 



(3.64) 



has 2n solutions given hy V = {f abj f i)} (^aab, ^a^), A = 1, ■ ■ ■ ,n. The integrability 
condition ( p.54|) means that F is a flat connection of the symplectic bundle. In terms of the 
geometry of G/H this in turn implies that the H-curvature, and hence the Riemannian 
curvature, is constant, being proportional to the wedge product of two vielbein. 

Besides the differential relations (|3.63| ), the charges also satisfy sum rules quite anal- 
ogous to those found in |^ for the N = 2 Special Geometry case. 

The sum rule has the following form: 



^ZabZ"""" + Z,Z' = -lp*M(Ar)P 



where Ai{Af) and P are: 
M = 



-PeATX 

1 ; 



ImAf 
ImM-^ 



1 

-Re^^ 1 



(3.65) 



(3.66) 



P 



9^ 
ca 



(3.67) 



In order to obtain this result we just need to observe that from the fundamental identities 
(3.40) and from the definition of the kinetic matrix given in ( |3.106| ) it follows: 



hh^ 
hp 



-i(Ar-Ar' 
-i (AT"' - 



(3.68) 

(3.69) 

(3.70) 
(3.71) 



We note that the matrix is a symplectic tensor and in this sense it is quite analogous 
to the matrix A/as of the odd dimensional cases defined in equation (p.8[). Indeed, one 
sees that the matrix M. can be written as the symplectic analogous of 



M{M) 



1 
-1 



1 
-1 



(3.72) 



where 



is the embedded object corresponding to the L of equation 



The formalism we have developed so far for the D = N > 2 theories is completely 
determined by the embedding of the coset representative of G/H in S'p(2n, IR) and by 
the Usp{n,n) embedded Maurer-Cartan equations (|3.61|) . We want now to show that 
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this formalism, and in particular the identities ( |3.4CI| ), the differential relations among 
charges (|3.63|) and the sum rules ( |3.65|) , are completely analogous to the Special Geometry 
relations of = 2 matter coupled supergravity |^ , . This follows essentially from the 
fact that, though that the scalar manifold A4n=2 of the N = 2 theory is not in general a 
coset manifold, nevertheless it has a symplectic structure identical to the N > 2 theories. 
Furthermore we will show that the analogous of the Maurer-Cartan equations of > 2 
theories are given in the N = 2 case by the Picard-Fuchs equations [19| for the symplectic 
sections which enter in the definition of the Special Geometry flat symplectic bundle. 

Indeed, let us recall that Special Geometry can be defined in terms of the holomor- 
phic flat vector bundle of rank 2n with structure group Sp{2n, IR) over a Kahler-Hodge 



manifold [IS 



If we introduce the Special Geometry symplectic and covariantly holomorphic section 
of [/(l)-weight p = —p = 1: 



V ^ (/^, h^) = {f\z\ z'), h^{z\ z')) ■ A = 1, .. 
and its covariant derivatives with respect to the Kahler connection: 



(3.73) 



^, + ^-^,K]V^(ftM^ 



P. 



di + 2^-^ ) = covariantly holomorphic 



then, defining the n x n matrices: 



1, ■ ■ • ,n - 1 



(3.74) 



(3.75) 



7:Ai 



where / = / ■jg^\ = h^jQ-'^ , the set of algebraic relations of Special Geometry can 
be written in matrix form as: 



i(/t/i - h^f) 
ifh - h'f) 



1 




(3.76) 



Recalling equations ( p.40|) we see that the previous relations imply that the matrix U: 



belongs to Usp{n,n). In fact if we set 
of (/j^, /^) (or {hi, hj)) with the Kahlerian vielbein P/, P^: 



f^eAB = Iab flatten the world-indices 



9ii 



(3.78) 



where rjj-j is the fiat Kahlerian metric and P*j = (P~^)^j, the relations (|3.76|) are just a 
particular case of equations (|3.40|) since, for N = 2, Haui = SU{2) x f/(l), so that f^B is 
actually an SU{2) singlet. 

Let us now consider the analogous of the embedded Maurer-Cartan equations oi G/H. 
Defining as before the matrix one-form F = U~^dU valued in the Usp{n,n) Lie algebra, 
we see that the relation ciF + F A F = again implies a fiat connection for the symplectic 
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bundle over the Kahler-Hodge manifold. However, this does not imply anymore that the 
base manifold is a coset or a constant curvature manifold. Indeed, let us introduce the 
covariant derivative of the symplectic section {f^,fj,f , //) with respect to the U{1)- 
Kahler connection Q and the spin connection u^-^ of AiN=2'- 



■A -^A 



( 



d{f\ fi /^ fi) + (/^ /7, f^) 












V 



i24 + -7 









iQ 












where: 



Q 



dj/Cdz"-) dQ = ig-jdz" A dz\ 



(3.79) 



(3.80) 



(/C is the Kahler potential) the Kahler weight of (/^, f j) and (/'\ /j) being p = 1 and 
p = —1 respectively. Using the same decomposition as in equation ( p.55| ) and eq.s ( p.56| ), 
( 3.2C ) we have in the N = 2 case: 



V 



V 

n 



n 



-iQ 








For the subblocks V we obtain: 

V = -i(/*V/i - h'Vf) = if\M - AT) V/ 





pj 



(3.81) 



(3.82) 



where = rj'^^Pj is the (1, 0)-form Kahlerian vielbein while Pj = i (^/*(A/' — AT) V/^ _ is 

a one-form which in general cannot be expressed in terms of the vielbein P^ and therefore 
represents a new geometrical quantity on A4 n=2- Note that we get zero in the first entry of 
equation (|]82D by virtue of the fact that the identity (|3T6| ) implies f^i^f -Jf)AsfF = 
and that is covariantly holomorphic. If fl and V are considered as data on M. n=2 then 
we may interpret F = U~^dU as an integrable system of differential equations, namely: 



V{V,Vj,V,Vi) = {V,Vj,V,Vj 



( 








p-l 

pj_ 



p' 






Pj 


; 



(3.83) 



where the flat Kahler indices 1,1, - ■ ■ are raised and lowered with the flat Kahler metric 
rjj-j. As it is well known, this integrable system describes the Picard-Fuchs equations 
for the periods {V, Vj, V, Vj) of the Calabi-Yau threefold with solution given by the 2n 
symplectic vectors V = (/^, /ia)- The integrability condition rfF + F A F = gives three 
constraints on the Kahler base manifold: 



d{iQ) + PiAP^ 
(duj + UJ A uYj 







djdiK. 



PjAP^ 



= P' ^^Pi3 
idQSj - 



9ij 



P\ A PS 



VP 



Pj a P'j 



(3.84) 

(3.85) 
(3.86) 
(3.87) 



15 



Equation ( p.84| ) implies that A4n=2 is a Kahler-Hodge manifold. Equation ( p.85| ), written 
with holomorphic and antiholomorphic curved indices, gives: 



R,fki = 9ngfu + g-um - P^k^Pjmg"''' (3.88) 

which is the usual constraint on the Riemann tensor of the special geometry. The further 
Special Geometry constraints on the three tensor Pij^ are then consequences of equations 
dPI), (13:8^ ), which imply: 

^[iPi]jk = 

VjPijk = (3.89) 

In particular, the first of eq. ( p.89| ) also implies that Pijk is a completely symmetric 
tensor. 

In summary, we have seen that the N = 2 theory and the higher theories have 
essentially the same symplectic structure, the only difference being that since the scalar 
manifold of = 2 is not in general a coset manifold the symplectic structure allows the 
presence of a new geometrical quantity which physically corresponds to the anomalous 
magnetic moments of the N = 2 theory. It goes without saying that, when A^jv=2 is itself 
a coset manifold |^ , then the anomalous magnetic moments Pijk must be expressible in 
terms of the vielbein of G/H. We give here two examples. 

• Suppose ^AN=2 = ^^fi)'^ ^ o(2)xO(n) ' '^^^ symplectic sections entering the matrix 
U can be written as follows: 

/ = ie^L^Lt) _ 

h = ie^iSL''riA^,SL^r]Aj,) (3.90) 

where A = 1, ■ ■ ■ , 2n, a = 3, ■ ■ ■ ,n, rj/^j: = (1, 1, —1, ■ ■ ■ , — 1) and we have set = 
^(Lf + 1^2)- particular from the pseudoorthogonality of 0(2, n) we have: 



Furthermore we have parametrized '^^[jl'^-' as follows: 



L^L^r/As = (3.91) 

U{1) 



Mjs'i- , L (1^ t) 

V l+|S'|2+2/m5 ^ i-S ' 

We can then compute the embedded connection and vielbein using (|3.55|) . In par- 
ticular we find: 

We see that the general Pfj matrix in this case can be expressed in terms of the 
vielbein oi G/H and one finds that the only non vanishing anomalous magnetic 
moments are: 

PabS = 5abPs = e^5ab. (3.94) 
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As a second example we consider the special coset manifold —fj^j- 

Note that this manifold also appears as the scalar manifold of the D = 4, N = 6 
theory, and we refer the reader to section 4 for notations and parametrization of 
G/H. 

The integrable system in this case can be written as follows: 



Va_b 
V 



f 









iP^"" 

IpABCD Q 





Pab hP 



\PCD \ 



2^ ABCD 





( ^ \ 

Vcp 
V 



(3.95) 



where P'^bcd -g ^-^^ Kahlerian vielbein (1, 0)-form {Pabcd = [P^^^CDy -g ^ 
form) and: 

Pab — -^^ABCDEpP'^^^^', P — (Pab)*- (3.96) 

Moreover, /^s transforms in the 15 of SU{6), f is an SU{6) singlet and / = 
(/ab)*- It follows: 



(3.97) 

(3.98) 

(3.99) 



( ^ ) 




(0 








lPcD,i \ 




( ^ \ 


Vab 










PAB,i 







VcD 


V 


















V 






\o 


IpABCD 

2 5^ 





) 







Hence: 



If we set: 



Vr 



CD 



Pchy-v = p^^'^Vk 



where the curved indices A;, / are raised and lowered with the Kahler metric, one 
easily obtains: 



1 



ViVj = l^PAB,iPcD,iPr g = -^^ABCDEFPAB,iPcDjPEF,kg'%. (3.100) 

Therefore the anomalous magnetic moment is given, in terms of the vielbein, as: 

1 



Pijk — -^^ABCDEFPAB,iPcD,jPEF,k 

The other two equations of the integral system give: 



(3.101) 



^iV = -PcD,iV 



^iVAB^PAB,iV ^ ViVj^g.-jV 
which are the remaining equations defining N = 2 Special Geometry. 



(3.102) 
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To complete the analogy between the N = 2 theory and the higher theories in D = 4, 
we also give for completeness in the N = 2 case the central and matter charges, the 
differential relations among them and the sum rules. 

Let us note that also in = 2 the kinetic matrix A/as which appears in the vector 
kinetic Lagrangian 0: 

£(^-*-) = iATAsF^/F-^^'^ + h.c. (3.103) 

= ^(l±i*)F^ (3.104) 

6^A=ArAsF-^ (3.105) 
is given in terms of /, h defined in eq. ( |3.75| ) by the formula: 

A/'as = /iAr(r')E (3.106) 
The columns of the matrix / appear in the supercovariant electric field strength F^: 

= + fi^^i^^'eAB - i/^ Al7aV^i?e^^\/" + h.c. (3.107) 

(The columns of hf would appear in the dual theory written in terms of the dual magnetic 
field strengths) . 

The transformation laws for the chiral gravitino ipA and gaugino A*"^ fields are: 

Si/jAt. = D^eA+ eABT^uYe"" + ■■■ (3.108) 

S\'^ = \d^z'Ye^ + ^Tj^.T^'^^? V^es + • • • (3.109) 

where: 

T = hAF^-f''gA (3.110) 

T, = 7^A,F^-7^6^A (3.111) 

are respectively the graviphoton and the matter- vectors z'^ [i = 1, ■ ■ ■ ,n) are the complex 
scalar fields and the position of the SU{2) automorphism index A (A,B=1,2) is related 
to chirality (namely {ipA, A*"^) are chiral, {ip^, A^) antichiral). In principle only the (anti) 
self dual part of F and Q should appear in the transformation laws of the (anti) chiral 
fermi fields; however, exactly as in eqs. ( |3.4y| ),( P3UD for A^ > 2 theories, from equations 
(|3105| ), (|3:i06|) it follows that : 

T+ = hAF+^ - f^Ql = (3.112) 

so that T = T~ (and T = T"*"). Note that both the graviphoton and the matter vectors 
are Usp{n, n) invariant according to the fact that the fermions do not transform under the 
duality group (except for a possible R-symmetry phase). To define the physical charges 
let us note that in presence of electric and magnetic sources we can write: 



52 



i^^ = /, / 6^A = eA (3.113) 



^ The same normalization for the vector kinetic lagrangian will be used in section 4 when discussing 
D = 4, TV > 2 theories 
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The central charges and the matter charges are now defined as the integrals over a S"^ of 
the physical graviphoton and matter vectors: 

Z = f T = f {h^F^ - f^'GA) = {hA{z,z)g'' - f\z,z)eA) (3.114) 

where denote the v.e.v. of the moduli fields in a given background. Owing to eq 
(|3.74| ) we get immediately: 

Z, = WiZ (3.115) 

We observe that if in a given background Zi = the BPS states in this configuration have 
a minimum mass. Indeed 

= ^ = 0. (3.116) 

As a consequence of the symplectic structure, one can derive two sum rules for Z and Z^: 



1 

2' 



\Z\^ ± \Zi\^ = ± Zig'^Zj = --P^M±P (3.117) 



where: 



■^+=(0 1 j( ImM-^){-ReM ij (3.118) 



1 


0^ 


-ReM 




1 




-ReF 


1/ 



and: 



P=U,eA (3.120) 



Equation ( |3.118| ) is obtained by using exactly the same procedure as in ( |3.66| ). The sum 
rule ( p.ll9|) involves a matrix A^_, which has exactly the same form as provided 
we perform the substitution A/as — ^ -^ae = dx^dx^ 

(X^ = e-f Z'^). It can be derived 
in an analogous way by observing that, when a prepotential F = F{X) exists. Special 
Geometry gives the following extra identity: 

mF-F)A,:ff = -mJ V=[~Q i°^J (3.121) 
from which it follows: 

/r//t = i(F-F)"' (3.122) 

hr]h^ = i(F'^ - F-^y^ = iF (^F -Py^ F (3.123) 

Note that while ImAf has a definite (negative) signature, ImF is not positive definite. 

To conclude this section, we outline the embedding procedure in D = 6 and in D = 8 
maximal supergravities. More details are given in sections 5.2 and 7. 

In D = 8, N = 2 the situation is exactly similar to the D = 4 case, where instead 
of 2-forms field-strengths we now have 4-forms. In the case at hand the 4-form in the 
gravitational multiplet and its dual are a doublet under the duahty group S'/(2,1R). The 
embedding procedure and the relevant relations are discussed in section 7. 



19 



Finally in D = 6 the 3-form field strengths which appear in the gravitational 
and/or tensor multiplet have a definite self-duality 

H^^ = ^{H^ ±* H^) (3.124) 

In this case we have a T-duality group of the form G = 0{m, n). In the chiral N = (2, 0) 
and = (4, 0) theories, the number of self-dual tensors H'^^^ in the gravitational multi- 
plet, Ai = 1, ■ ■ - m and antiself-dual tensors H~^^ in the matter multiplet, A2 = 1, ■ ■ - n 
are different in general and G acts in its fundamental representation on (H^^^, H~^^) so 
that no embedding is required. The procedure to find the charges and their relations is 
thus completely analogous to the odd dimensional case. One finds e.g. for the magnetic 
charges: (Z, Zj) = {L/<^g^, L^jg^) for (2,0) theory (/ = 1, ■ ■ ■ , n), n being the number of 
vector multiplets, and {Zr, Zj) = {L\rg^, L^jg^) (r = 1, ■ ■ ■ , 5) for(4,0) theory, r being 
the number of self-dual 2-forms in the gravitational multiplet (see sect. 5. 2). However, 
due to the relation: 

A/'ae = ^AE^^"", (3.125) 
where r] and Af are defined in terms of the coset representatives of o{m)'xO(n) ( P.10|) , 



( |3.8| ), we have no distinction among electric and magnetic charges. Indeed 

CA = / ^fA^H'' = 1 7]A^H^ = r^As^?^ (3.126) 

The six dimensional N = (2, 0) and N = (4, 0) matter coupled theories are discussed in 
section 7. 

In D = 6 maximally extended theory we have an equal number (five) of self-dual and 
anti self-dual field strengths and therefore a Lagrangian exists. The group G = 0(5,5) 
rotates among themselves H'^ and H~ in the representation 10. The analogous of the 
Gaillard-Zumino construction in this case would define an 0(5,5) embedding of 0(5) 
rotating among themselves {H~^,Q~^) or {H^,Q^) where 

g^=M^H^ (3.127) 

A/VjA/"- = — (A/+)* is the kinetic metric of the 3-forms in the Lagrangian: Ckin = 
J\f^j^H^^ A H^^ + J\f^j.H~^ A H~^^. In this case we obtain a formula analogous to ( p. 51] ) 



( |3.52| ) which is however invariant under 0(5,5) instead of Usp{n,n). Namely the central 
charges of D = 6 , = (4, 4) have the following dyonic form: 

Z±AB = f±eA + hA±g'' (3.128) 
which is 0(5,5) invariant with respect to the off diagonal metric ^7 = f ? ^\ Even 



1 

in this case the relation ( p.l25|) holds so that only ten independent charges exist. The 



maximally extended D = 6 supergravity is discussed in detail in section 8. 

Finally, in the = (2, 2) (Type IIA) six dimensional theory we have a single 2-form 
in the gravitational multiplet. Here the embedding group is 0(1, 1) and acts in the two 
dimensional representation on the self-dual and antiself-dual parts of the 3-form H = dB. 
More details on this case are given in section 7. 
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4 N > 2 four dimensional supergravities revisited 



In this section and in the following ones we apply the general considerations of section 3 to 
the various ungauged supergravity theories with scalar manifold G/H for any D and N. 
This excludes D = 4 N = 2, already discussed in section 3.2, and D = 5 N = 2 for which 
we refer to the literature Our aim is to write down the group theoretical structure 



of each theory, their symplectic or orthogonal embedding, the vector kinetic matrix, the 
supersymmetric transformation laws, the structure of the central and matter charges, the 
differential relations originating from the Maurer-Cartan equations and the sum rules 
the charges satisfy. For each theory we give the group-theoretical assignments for the 
fields, their supersymmetry transformation laws, the (p + 2)-forms kinetic metrics and the 
relations satisfied by central and matter charges. As far as the boson transformation rules 
are concerned we prefer to write down the supercovariant definition of the field strengths 
(denoted by a superscript hat), from which the susy-laws are immediately retrieved. As it 
has been mentioned in section 3 it is here that the symplectic sections (/^^, f^, f abi f i) 
appear as coefficients of the bilinear fermions in the supercovariant field-strengths while 
the analogous symplectic section {h\AB, ^a/, h\AB, h^i) would appear in the dual magnetic 
theory. We include in the supercovariant field-strengths also the supercovariant vielbein 
of the G/H manifolds. Again this is equivalent to giving the susy transformation laws of 
the scalar fields. The dressed field strengths from which the central and matter charges 
are constructed appear instead in the susy transformation laws of the fermions for which 
we give the expression up to trilinear fermion terms. It should be stressed that the 
numerical coefficients in the aforementioned susy transformations and supercovariant field 
strengths are fixed by supersymmetry (or ,equivalently, by Bianchi identities in superspace 
), but we have not worked out the relevant computations being interested in the general 
structure rather that in the precise numerical expressions. However the numerical factors 
could also be retrieved by comparing our formulae with those written in the standard 
literature on supergravity and performing the necessary redefinitions. The same kind of 
considerations apply to the central and matter charges whose precise normalization has 
not been fixed. In the Tables of the present and of the following sections, we give the 
group assignements for the supergravity fields; in particular, we quote the representation 
Rh under which the scalar fields of the linearized theory (or the vielbein of G/H of the full 
theory) transform. Furthermore, for D = 4, 8 only the left-handed fermions are quoted. 
Right handed fermions transform in the complex conjugate representation of H. In the 
present section we apply the cosiderations given in section 3.2 to the 4D-Supergravities for 
> 2. Throughout the section we denote hj A,B,--- indices of SU{N), SU{N) ® f/(l) 
being the automorphism group of the A^-extended supersymmetry algebra. Lower and 
upper SU{N) indices on the fermion fields are related to their left or right chirality 
respectively. If some fermion is a SU (N) singlet chirality is denoted by the usual (L) or 
(R) suffixes. Right-handed fermions of D = A transform in the complex f representation 

of SUiN)xUil)xH^aUer. 

Furthermore for any boson field v carrying SU (N) indices we have that lower and 
upper indices are related by complex conjugation, namely: 

{VAB-T-V^'''" (4.1) 
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Let us first consider the = 3 case Tlie coset space is: 

SU{3,n) 



G/H = 

and the field content is given by: 



SU{3)(g)SU{n)®U{l) 



(4.2) 



{V^,'^|JA^„A^^,X(L)) A =1,2, 3 (gravitational multiplet) (4.3) 
{A^, Xa, 32;)^ / = 1, ■ ■ ■ , n (vector multiplets) (4.4) 

The transformation properties of the fields are given in the following Table |T] Q The 
Table 1: Transformation properties of fields in D = 4, = 3 





ya 






X{L) 




\l) 




Lf 


Rh 


SU{3,n) 


1 


1 


3 + n 


1 


1 


1 


3 + n 


3 + n 




SU{3) 


1 


3 


1 


1 


3 


1 


3 


1 


3 


SU{n) 


1 


1 


1 


1 


n 


n 


1 


n 


n 


U{1) 





n 
2 





on 
"^2 


3+f 


-3(1 + 1) 


n 


-3 


3 + n 



embedding of SU{3, n) in Usp{3 + n,3 + n) allows to express the section (/, h) in 
terms of L as follows:: 



^(-^"aB; L i) 



h 



AS 



(4.5) 

-KWae J={^T J ) (4-6) 

where AB are antisymmetric SU (3) indices, I is an index of SU{n) ® U{1) and L^j 
denotes the complex conjugate of the coset representative. We have: 



(4.7) 



The supercovariant field-strengths and the supercovariant scalar vielbein P/ 
(L-iV(^)L)/ are: 



1 „^ - 



ABC -I r a 



+ h.c. 



ABC 



(4.8) 
(4.9) 



where: 



Pt 



P 



lA 



1 ^ABC p _ ^ 

-e PiBC - 2^ 
Pf.dz' 

PlA 



ABC 



IBC 



(4.10) 
(4.11) 



'We recall that Rh denotes the representation which the vielbein of the scalar manifold belongs to. 
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being the (complex) coordinates of GjH and H = Haui = SU{3) x f/(l) . The 
chiral fermions transformation laws are given by: 

SifjA = DeA + 2iT^^|^,A'^^'=Ke^ + ■ • • (4.12) 

6xiL) = l/'^T2s\a,l'''^ce^^'' + ■■■ (4.13) 
5\jA = -iPj'',da^'Ye^'eABC + Tjiab7'"'eA + --- (4.14) 
6X1) = i^/,A^^7'^eA + --- (4.15) 

where Tab and Tj have the general form given in equation ( |3.48| ). Therefore, the 
general form of the dyonic charges {Zab,Zi) are given by eqns. ( p.51| )- ( |3.53|) . 
From the general form of the Maurer-Cartan equations for the embedded coset 
representatives U G Usp{n,n), we find: 

V^^^(^f^^) = (p]pj^eABC (4.16) 



, h/<^AB J \ hp^i ^ 

According to the discussion given in section 3, using ( ^.51| ), ( ^.52[ ) one finds: 

V^^'^Zab = z'Pj^'eABC (4.17) 

V(^)Z, = VV/e^^c (4.18) 

and the sum rule: 

h^^'ZAB + ZjZj = -lp^MiAf)P (4.19) 

where the matrix has the same form as in equation ( p.66| ) in terms of the 

kinetic matrix A/" of eq. (|4.7|) and P is the charge vector P* = {g, e). 

For = 4 the coset space is a product: 

0(6. n) 

' U{1) 0{Q)®0{n) ^ ' 

The field content is given by: Gravitational multiplet: 

(V;^ i^A,. Af, XABC. S) {A,B = !,■■■ A) (4.21) 

Vector multiplets: 

(A^,A^60)^ (/ = l,---,n) (4.22) 
The coset representative can be written as: 

L\ M{S)L\ (4.23) 
where L\ parametrizes the coset manifold q(^||i'q|„-) and 

^f(S)- , f) (4.24) 

l+|5|2+2/m5 ^ i-S ' 
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Table 2: D = 4, N = 4 transformation properties 





ya 




K 


Xabc 


A/A 


M(^)L^^ 




Rh 


Sf/(1,1) 


1 


1 




1 


1 


2 X 1 


2 X 1 




0(6,72) 


1 


1 


Q + n 


1 


1 


1 X (6 + n) 


1 X (6 + n) 




0(6) 


1 


4 


1 


4 


4 


1 X 6 


1 


6 


0(n) 


1 


1 


1 


1 


n 


1 


n 


n 


U{1) 





1 

2 





3 

2 


1 

2 


1 


1 






The group assignments of the fields are given in Table 0. With the given coset 
parametrizations the symplectic embedded section (/^ , /^as) is (apart from a unessen- 
tial phase i^): 

1—5' 



A 
S 



/ 



.4^rA rAN 
AB5 -'^ l) 



(4.25) 
(4.26) 



ieT(L' 

ie^(S'L^^5r7Ar, SL^/Z/Ar) 

where K = — log[i(S' — S)] is the Kahler potential of ^jj'^p-, and the kinetic matrix 
Af = hf^^ takes the form: 



ArAs = ^(S-5)L/''L, 



^EAB + Sr]As (4.27) 
The supercovariant field strengths and the vielbein of the coset manifold are: 



+ fHc3^\x'AV'' + C,X^''''lab\'''eABCDV''V') + h.C. 

= Pis - (?aA£ + W'^A^^) 
: PsdS and Pi 



ABCya-^ 



Paba'' 



where P = r^s^-^^ <^'-^'^ j- ab 

respectively. The fermion transformation laws are: 
6^A = DeA + a,TXj,\^,A^''e''V,+ 



* are the vielbein of ^^^^^^^ and 



Sxabc = a2P^sdaSi''e eABCD + "sT'iABiabT" eq + ■ ■ 
a.Pi^M'l^'e'' + asT-.^^^CA + • • • 



5\\ 



(4.28) 
(4.29) 
(4.30) 
(4.31) 

0(6,n) 
0(6)xO(n) 

(4.32) 

(4.33) 
(4.34) 



where the 2-forms Tab and Ti are defined in eq. (|3.48| ) By integration of these two- 
forms, using eq. ( p.50| )-( p.53| ) we find the central and matter dyonic charges given in 
eq.s (|3.51|) , ( p.52|) . From the Maurer-Cartan equations for f^h and the definitions 
of the charges one easily finds: 



Z Piab + 2^^scD^ P 

^Z'^'^PjAB + ZjP 



(4.35) 
(4.36) 
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In terms of the kinetic matrix ( [4.27| ) the sum rule for the charges is given by 
eqs.(ra)-(F^): 



(4.37) 



For > 4 the only available supermultiplet is the gravitational one, so that Hmatter = 1- 
The embedding procedure is much simpler than in the matter coupled supergravities since 
for each N > 4 there exists a representation of the scalar manifold isometry group G given 
in terms of Usp{ny,ny) matrices. 



For the N = 5 theory |^ the coset manifold is: 

SU{1,5) 



G/H 



U{5) 



(4.38) 



The field content and the group assignments are displayed in table ||. Here x, y, 



Table 3: Transformation properties of fields in D = 4, = 5 





ya 




Xabc, Xl 




TX 

^A 


Rh 


SU{1,5) 


1 


1 


1 




6 




SU{5) 


1 


5 


(10,1) 


1 


5 


5 


U{1) 





1 

2 


V2' 2^ 





1 


2 



1, ■ ■ ■ , 6 and A, B,C ■ ■ ■ = 1, ■ ■ ■ , 5 are indices of the fundamental representations 
of SU{1,5) and ^[/(S), respectively. denote as usual the coset representative 
in the fundamental representation of SU{1,5). The antisymmetric couple AS, 
A, E = 1, ■ • • , 5, enumerates the ten vectors. The embedding of SU{1, 5) into the 
Gaillard-Zumino group Usp{10, 10) is given in terms of the three-times antisymmet- 
ric representation of SU{1, 5), a generic element t^^^ satisfying: 

t-yz ^ ^^^^ (4 39) 

We may decompose t^^^ as follows: 

t''' = (^AEr ^ e^^rAmt^^^ ) (A, E, ■ ■ ■ = 1, ■ ■ ■ , 5) (4.40) 

In the following we write t^^^ = t^^. The 20 dimensional vector {F"^^^ , Q^^j^) 
transforms under 5*^(20, IR), as well as, for fixed AB, each of the 20- dimensional 
vectors (/^^, h^sAB) of the embedding matrix: 

The supercovariant field-strengths and vielbein are: 

= rfA'^^ + (/^V(«i^V + «2V^c7aX^''''^") + /^.c.) (4.42) 

PaBCD = PaBCD - X[ABC^D] - ABC D eX^^H'^ (4.43) 
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where Pabcd = ^abcdfP^ is the complex vielbein, completely antisymmetric in 
SU{b) indices and {PabcdY = P^^^^. 
The fermion transformation laws are: 



where: 



S^Pa = DeA + a,TXB\aA''"'^''Vc + --- (4.44) 
SXABC = a,PABCD,ida(l)'re'' + a,Tf^^^^,r'ec] + --- (4.45) 
SX(L) = a,pf''''da'^re''eABCDE + --- (4.46) 



Tab = - '2^1 )aj^abF^^ = -{N' -J7)Aj:^rAf^^BT^^ 

= ^(/^AEAijF^^-nB^As) (4.47) 



1 



A/'AE,An = 2^AS|^^(/ ) An (4.48) 
dC 

-'/^dp±A^-^ Oa^ = G1,: + QXy: (4.49) 



With a by now familiar procedure one finds the following (complex) central charges: 

Zab = ^ih^mBg'''' - /^^^AijeAE) (4.50) 

where: 

= / F^^ (4.51) 
CAE = I Qkh (4.52) 



From the Maurer-Cartan equation 



V(^(5))/A^ AB = ^7''''^'''' Pabcd (4.53) 



and the analogous one for h we find: 



V(^(^))Z^B = Iz^'"" Pabcd (4.54) 



Finally, the sum rule for the central charges is: 



^ZabZ^'' = -^(/^ eAs)-M(Ar)As,rA (^^^ ) (4.55) 
2 2 VerA. 



where the matrix A4{^/) has exactly the same form as in eq ( 3.66|) . 



The scalar manifold of the = 6 theory has the coset structure: 
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Table 4: Transformation properties of fields in D = 4, = 6 





ya 




Xabc, Xa 






Rh 


50^(12) 


1 


1 


1 




32 




SU{6) 


1 


6 


(20 + 6) 


1 


(15,1) + (T5,T) 


15 


f/(l) 





1 

2 


V2' 2^ 





(1,-3) + (-1,3) 


2 



We recall that S0*{2n) is defined as the subgroup of 0{2n,€) that preserves the 
sesquilinear antisymmetric metric: 

L'CL = C, C=^\ J) (4.57) 

The field content and transformation properties are given in Table H, where A,B,C = 
1, ■ ■ ■ , 6 are SU{Q) indices in the fundamental representation and A = 1, ■ • • , 16. As 
it happens in the N = 5 theory, the 32 spinor representation of S'0*(12) can be 
given in terms of a Usp{16, 16) matrix, which we denote by S^{a, r = 1, ■ ■ ■ , 32), so 
that the embedding is automatically realized in terms of the spinor representation. 
Employing the usual notation we may set: 

V2 V fi - ihAj fj - ihAi J 

where A, I = 1, ■ ■ ■ , 16. With respect to SU{6),the sixteen symplectic vectors 
{f^,h\i), (/ = 1, ■ ■ ■ , 16) are reducible into the antisymmetric 15- dimensional 
representation plus a singlet of SU{6): 

(/^ hAl) ^ (/1b, hAAB) + (/^, hA) (4.59) 

It is precisely the existence of a SU (6) singlet which allows for the Special Geometry 
structure of ^'^^^-^^^ as discussed in section 3.2 Note that the coset element 5" has 
no definite U{1) weight since the submatrices f^Bif^ have the weights 1 and - 
3 respectively. The supercovariant field-strenghts and the coset manifold vielbein 
have the following expression: 

+ ag/VcTaX''^'^ + /i-c] (4.60) 
PaBCD = PaBCD - X[ABC^D] - ^abcdefX^'^^ (4.61) 

where Pabcd = PABCD,idz'^ is the Kahler vielbein of the coset. The fermion trans- 
formation laws are: 

6^A = DeA + hTXB\ab^'''e''V, + --- (4.62) 
SXABC = A^Ve'' + fesTf^BiafeT^'eq + • • • (4.63) 

5XA = hPf^''^daZ're^eABCDEF + b,T-,r'eA + --- (4.64) 
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where: 

Tab = -i(7"')AABF-^ (4.65) 
T = -i(7"')AF-^ (4.66) 

With the usual procedure we have the following complex dyonic central charges: 

Zab = hAAsg'' - fAseA (4.67) 
Z = /^a/-Aa (4.68) 

in the 15 and singlet representation of SU{6) respectively. Notice that although 
we have 16 graviphotons, only 15 central charges are present in the supersymmetry 
algebra. The singlet charge plays a role analogous to a "matter" charge. From the 
Maurer-Cartan equations: 

V/V = ^/^"^''Pabcd + ^/^ABCDi^FP^^^^ (4.69) 

and the relation ( ^.42| ) one finds: 

V(^(^))Z^B = V^Pabcd + ^^e^BCi^E^P^^^^ (4.71) 
V(^«)Z = ^.z^^e^BCi^Ei^P^^^^ (4.72) 
and the sum- rule ( |3.65|) : 

IzabZ^"" + ZZ=-l{g^, eA)M{Ar)j,j:(^^) (4.73) 
2 2 V es / 

with the usual meaning for M.{JV) (see eq. 



In the N = 8 case |H9| the coset manifold is: 



G/H^ll^y (474) 
The field content and group assignments are given in the following Table |^: 



Table 5: Field content and group assignments in D = 4, = 8 supergravity 





ya 


i^A 




Xabc 


Ca 


Rh 




1 


1 




1 


56 




SU{8) 


1 


8 


1 


56 


28 + 28 


70 
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As in iV = 5, 6, the embedding is automatically realized in terms of the 56 defining 
representation for E-i which belongs to Usp{28, 28) and it is given by the usual coset 
element ( p. 38] ) where 

f + ih = /^Is + i/iASAB (4.75) 
J-ih ^ 7™-i/^As'' (4.76) 

AS, AB are couples of antisymmetric indices, with A, S, A, B running from 1 to 8 . 
The supercovariant field-strengths and coset manifold vielbein are: 

= rfA^^ + [/^^^(aiV^V + a2X^''Sa^C7V^'^) + /^.c.] (4.77) 
Pabcd = Pabcd - X[ABc'^D] + h.c. (4.78) 

where Pabcd = ^eABCDEFGuP^^^^ = {L~^V^^'~^'^L)ab\cd = PABCD,id(j)' (0* co- 
ordinates of G/H). The fermion transformation laws are given by: 

6^A = Z^e^ + asT^Biat^^'^e^^c + ■ ■ ■ (4.79) 
SXABC = aiPABCD,ida4>'l^e'' + a^T^^^^^,-i^hc] + --- (4.80) 



where: 



^AB = ~{T\^ABF^'' = \{Af-Jf)A^,rAf^^F'^ 

= lihA^ABF^^ - f^l^g^^) (4.81) 



with: 



ArAE,rA = Ih^j^ABirYvA (4.82) 
^A. = -i/2j^ (4.83) 

With the usual manipulations we obtain the central charges: 

1 



Zab = ^{hA^ABg^^ - / abCae), (4.84) 



the differential relations: 



V^^(«)Z^^ = iz^^P^BCD (4.85) 



and the sum rule: 



^ZabZ'"'' = -^(/^eAs)-M(Ar)As,rA (^^'') (4.86) 
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5 Matter coupled higher dimensional supergravities 



With the exception of D = 5, N = 2 supergravity in which the vector multiplets moduh 
space is described by Very Special Geometry |^l5l|, all the higher dimensional super- 
gravities exhibit a coset structure G/H as in D = 4, N > 3. As we are going to see, their 
structure is completely fixed in terms of the coset representative L and in particular the 
"dressed" central and matter charges satisfy relations quite analogous to those discussed 
in the four dimensional case for N >2. 

In this section we discuss the matter coupled supergravities deferring the maximally 
extended cases to next section. 

We begin by considering all the matter coupled supergravities which have the coset 
structure: 

O{10-D,n) 



G/H 



X 0(1,1) 



(5.1) 



0{lQ-D)®0{n 

Actually this class covers all the cases except D = 6, = (2, 0) and D = 6, type IIB. 
It is convenient to treat separately the odd and the even dimensional cases. 



5.1 Odd dimensional theories 

The three cases D = 5, 7, 9 can be discussed at the same time |Q, HI 
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57| if one takes in D = 5 one of the vectors dualized with a two form and disregard the 
presence of hypermultiplets. With these assumptions the field content for all the three 
theories is given by: 
Gravitational multiplet: 



Vector multiplet: 



(v;",V'AM,s^^,^;i,XA,cT) (/i 

(A^,Aa,(1O-Z})0)^ (/ = 



D) 



n) 



(5.2) 



(5.3) 



the coset manifold of the scalar fields being given in 

where: 



where a runs from 1 to 10 
equation (|5.1| ). 

The transformation properties of the fields are given in Table 



Table 6: Transformation properties of fields in matter coupled D 
{N = 2), D = 9 (N = 1] 



5 {N = A), D = 7 





ya 






^ s 
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X 




Rh 


O{10-D,n) 
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1 


IQ- D + n 


10 - D + n 


1 


1 


1 


1 




0(1,1) 





2 


1 





1 















1 


1 


1 


10 - D 







N 


N 


10 -D 


Hmatter 


1 


1 


1 


n 





1 


1 


n 


n 



HAut X H, 



matter 



0(10 -D) X 0{n). 



(5.4) 
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HAut acts on the index A = 1,---,N of the spinors as a unitary symplectic group in 
D = 5,7 according to: 



0(10 -D) ~ Usp{4:) D = 5 

~ Usp{2) D = 7. (5.5) 

In D = 9 HAut = 1- Hmatter always acts in the vector representation labelled by the index 
/. The coset representative of ( [5.1| ) is: 

e^L\^e^{L\^,L\) (5.6) 

where e°" parametrizes 0(1, 1), a being the real scalar field of the gravitational multiplet 
and L\ is the representative of o^^-D)®o{n) ■ '^^^ indices AB of are Usp{N) = 

H(Aut) antisymmetric indices for D = 5 (A^ = 4) and symmetric indices for D = 7 {N = 2) 
intertwining between the vector representation of 0(10 — D) and the representation of 
UspiN): 

L\b = L^^Yab (5.7) 

where •Jab gamma-matrices of 0(10 — D). For D = 9 L^ab ~^ L^^ab = (A,B=1). 
The index / of Lj is an index of 0{n) = Hi^natter) in the vector representation. As 
usual, the set of Ug gravitational and matter field-strengths of the vectors (A", A^) 
(A = 1, ■ ■ ■ , ng + Uv) transform among themselves under 0(10 — D,n) x 0(1, 1) while 
H = dB is charged under 0(1,1) only (we have labelled the 0(1, 1) representations by 
the "charge" under the shift e'^ — > e'^^^). 

The supercovariant field-strengths contain, as in 4 dimensions, the coset representa- 
tives, but in the defining representation of G. We have Q: 

H = dB + air]Aj:dA^ AA^ + a2e'^''^^TaiJ^€ABV'' 

+ aae^^^r^a'^C^BV^"^' (5.8) 

= dA'' + he''i^^ij''L\^ + he''i^^Tax''V^L\s 

+ he'^i^^TaXiV^L'^j (5.9) 

= (7.)^^^L = (7.)^''(^L-V^AAi) (5.10) 

da = da — ijj^XA (5.11) 

(5.12) 

where (Cab is the invariant metric of Sp{N) in D = 5,7 while in D = 9 we set €ab = Sab, 
A, B = 1. P^^ = Pab,!*^^^ '^'^ vielbein 1-forms of oiio^-D)^o{n) 0(1, 1) 

respectively. 

The supercovariant field strengths appear in the transformation laws of the fermions 
dressed with coset representatives: 

6^PA = De^ + CiT^BiafeA^^'^e^K + C22|,,,A«^'^'^e^\/, + ■ ■ ■ (5.13) 
6xA = d,T''daaeA + d2TAB\abT'''e'' + dsTiatcT'""'eA + --- (5.14) 
SXa = fiT^PiBA ^'^'' + hTf^t^^'^A + ■■■ (5.15) 

"'in all higher dimensional theories the space-time 7-matrices are denoted asF" { a — 0, ■ ■ ■ , D — 1). 
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where Aaai---an is given in equation (|375|), 0* are the coordinates of o^(y^D)do{n) ^"^^ 

Tab = c'^A/ae-^^ab-^^ = c^'^Laab-^^ 

Ti = e^f^AJ^L^iF^ = e^'^L^F^ (5.16) 
T = Af^^h^-H = e-^'^H 

are the dressed graviphotons, matter vectors and 3-form. Here the vector kinetic matrix 
A/as and the 3-form metric Af^^"^ are: 

ATas = e-^'^iLABAL^'' + LiaLj^) (5.17) 
Ar(^) = e-^"^ (5.18) 

and we have used the pseudo-orthogonahty relations of 0(10 — D,n) : 

r?As = {LaabL^'' - LaiLj^j) (5.19) 

where r] is the 0(10 — D,n) invariant metric. At this point it is very easy to construct 

the dressed charges for the gravitational and matter multiplets. Defining the magnetic 
charge as: 

/ = / (5.20) 

9=1 H (5.21) 

we have the vector central charge: 

Zab = I Tab = e~''LAABi^)g'' (5.22) 

the 3-form central charge: 

-2(T 



Z = J^^T = e-"'g (5.23) 
and the gaugino matter charge: 

Zi= f Ti = e-'^LA/(0)/ (5.24) 

where on the r.h.s. the scalar fields a, (ff are understood as f .e.f .'s on a given background. 
From the Maurer Cartan equation for the coset representative e'^L\ we now have: 

V(e'^LV) = e^'L^P^j, (5.25) 

where V denotes the derivative covariant under the composite connection of Haui x 
Hmatter = 0(10 - D) ® 0{n). It follows: 

V^Zab = ZjP\s^, (5.26) 

VZi = h^Pf^ZAB + PiABZ^"") - Zida (5.27) 

In particular, ii Zj = 0, the invariant 

M{cP) = ]^ZabZ^'' (5.28) 
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reaches a minimum. 

Furthermore, using eq.s (|5.17|) and ( ^.19|) one also finds: 

]^ZabZ^'' ^ZiZi = /ATas^?^ (5.29) 

^ZabZ^"" - ZiZj = g^VA^g^'e-^'' (5.30) 

(5.31) 

These "obvious" sum rules are the counterpart of the sum rules found in N = 2, D = A 
for the central and matter charges. 

Finally we observe that the electric charges associated to and H are defined as: 

eA = / AT^s i^'^ e = J e-'" *H (5.32) 

Let us note that = 4, D = 5 is usually formulated dualizing the 3-form H^^^ in terms 
of an extra 2-form F = dB 

dB He-^" (5.33) 

In this case, instead of fB.SI), we have: 



F = dB + f,e-^''ij^ij''€AB + f2e-"'ij''jax''V^€AB (5.34) 



S^A = DeA + a{TAB\abA''''e''V, + bT\abA^'''€ABe''V,) + --- (5.35) 



and the transformation rules of Sip a, ^Xa are changed accordingly: 

SxA = cT'^daaeA + diTABiabT^'e'' -2bT^abr^'eA) + --- (5.36) 

(5.37) 

where Tab =G^"Fab- Note that in this case the kinetic matrix for the singlet is: 

J\f = e^" (5.38) 
We now have that the central charges are: 

Zab = e-''g''LAAB-be^''m€AB (5.39) 

Z = e^"m (5.40) 

where m = Jg2 F , while the matter charges are the same as in ( |5.24| ) . 

Note that the 2-forms Tab and T appear in 6xa with a relative weight, —26, which is 
fixed by supersymmetry. By t/sp(4)-covariant differentiation one obtains: 

VZab = Z'PiAB-2Z^^lda (5.41) 

VZ = 2Zda (5.42) 

VZ, = ^{ZabP^'' + Z'"'Pabi) - Zjda (5.43) 

4^i = ^(Z^B + 36ZC^s) (5.44) 



where: 



The sum rules are: 

^ZabZ^"" -2Z'-ZrZ' = /AT^s^?^ (5.45) 

= m^M (5.46) 
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5.2 Even dimensional matter coupled theories 

• In D = 8 , N = 1 |^8[, [^] we have again a coset manifold of the class ( |5.1| ), namely: 

The field content is: 
Gravitational multiplet: 

{V;, ^„ B,,, A° X, a) (/i = 1, ■ ■ ■ , 8) (5.48) 

Vector multiplets: 

{A^,X,2(Pf' (M = l,---,n,) (5.49) 

where iIj,x,X are complex Weyl spinors. The group assignments can be read from 
Table |^ where the first entries in the last row are the weight under HAut = U{1). 



Table 7: Transformation properties of fields in matter coupled D = 8 {N = 1) 
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0(2,72) 


1 
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2 + n 


2 + n 
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1 
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1 




0(1,1) 





2 


1 





1 













f/(l) X 0{n) 


(0,1) 


(0,1) 


(0,1) 


(2,n) 


(0,0) 


(1,1) 


(-1,1) 


(l,n) 


(2,n) 



From the coset representative decomposition: 

e''Li = e''{L\,L^) (A = 1,2) (5.50) 

setting = + iLg we have the following supercovariant field-strenghts: 

H = dB + air]Aj:dA^ AA^ + {a2e'^''i^jiTaipL + h.c.)V'' 

+ {a^e^'^i^L^abXL + h.c^VV'' (5.51) 
= dA^ + {bie''^L^LL^ + h.c.) 

+ {h^e^'iijT^XRL^ + h.c.)^ + (foae'^^^r.A^L^ + h.c.)^ (5.52) 

= P^-^^Ai-^^A^j (5.53) 

da = da- ip^XL - iPrXr (5-54) 

(5.55) 

where = P/dz^ is the Kahlerian vielbein of x and da the einbein of 

0(1, 1). We have now a complex graviphoton: 

T(2) = c-'^LaF^ (5.56) 

while the dressed vector matter and tensor charges are: 

= LlF^ (5.57) 

y(3) ^ g-2a^ (^5_5g^) 
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2"(2)^y(3) g^j-^^ appear in the susy transformation laws of the fermions: 

5iIjl = DeL + c{r^ii'/V''eRV, + C2TS!A'''"''^LVd + --- (5.59) 

5xL = d,r-d,aeR + d,T^''r-'en + d,Ti^lr-''eL + --- (5.60) 

5Xi = hT-Pldaz\R + hTi,T-'eL + --- (5.61) 



Taking into account: 



we find: 



where 



%s = -f'(A-^s) - (5.62) 
ATas = (L(aLs) + La/Ls/) e-^'^ (5.63) 



= e-'^LA(^)/ (5.64) 
= e-^'^g (5.65) 
= La/(^)/ (5.66) 



The differential relations and sum rules among the charges are: 

VZ(2) = ZiP'-Z'^^^da (5.68) 

VZ(3) = -2Z^^^da (5.69) 

VZ, = ]^(ZPi + ZPi) (5.70) 

^(2)^(2) _ ^^^^ = Aae^7^ (5.71) 

Z^^^Z'^'^ + Z,Z, = g^M^^g^ (5.72) 



Let us now consider the D = Q matter coupled theories. 



For type IIA [|| {{N+,N.) = (2,2)) the coset manifold is 



and the field content is: 
Gravitational multiplet: 



(\/;,V'^^,^^^,S^,,A;:,XA,Xl,t^) (« = l,---,4) (5.74) 

Vector multiplets: 

(A^,A^,A^,40)* (z = l,---,n) (5.75) 

The group theoretical assignments under the duality group 0(4, n) x 0(1, 1) can be 
read from Table ||. In the present case Haui = 0(4) acts as SUl{2) x SUr{2) on the 
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Table 8: Transformation properties of fields in matter coupled D — 6 N — (2,2) 
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(2,1) 


(2,1) 


(2,1) 


(2,2) 


0{n) 
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n 





two left-handed and two right-handed fermions. In particular, left-handed spinors 
transform as doublets under SUl{2) and as singlets SUr{2) (the opposite happens 
for right-handed ones, which are not quoted in the Table). The two chirahties are 
distinguished by indices A, A respectively (^4, A — 1, 2). SUl{2), SUr{2) indices are 
raised and lowered with the metric sab, ^Ab respectively. The coset representative 
is decomposed as follows: 

= e"(L^L^^) (5.76) 
where r = 1, • • • , 4 is a vector index of 0(4), and we also define 



^ AA — ^AA 



(5.77) 



where e^^ is a quaternion converting 0(4) into SU{2) x SU{2) indices. The super- 
covariant field-strengths have the following form: 



H- 



dB + ai7]f^Y,dA^ A A^ 



+ e 



2a 



02^' T^i^^'eABV + a^'il^ T^.x^'^abW' 



dB + airn^j^dA^ A A^ 



(5.78) 



i.BtA 



AB 



AB 



Ir 



P 

da 



= P^r_{^^X'\er)AB + h.c) 

= da — {^"^Xa + h.c?j 



(5.79) 

(5.80) 
(5.81) 



where P^^ = {L-^V^^^LY'' = Pf < 
the chiral fermions are as follows: 



The supersymmetry transformation laws for 



DeA + CiT,., ,A«''^6^K= + c.T-j-.A'^'^'^^eAV, + 



SjpA — j^cA-r <^i-LAB\ab'^ ^ " c -r ^■2--- \abc^ 

SxA = dir''daaeA + d2T^s\ab^abe^ + d3T\abcr''"'eA + 
5\\ = /,r«P{^/„0^e^ + /27]^„,rt^ + . • • 
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(5.82) 
(5.83) 
(5.84) 



with analogous expressions for the antichiral ones. Here 

„—cT T rpA 

Ti = c-'^LmF^ (5.85) 

By integration of the above 2- and 3-forms on 5*^ and 5*^ respectively we find the 
central charges. Turning back to the 0(4) vector indices we have: 

Furthermore, from Maurer-Cartan equations and: 

A/as = e~^'^(LrAL''j. + Li\Lj-s) 



we obtain: 



VZr = ZjP^ - Zrda 
VZ± = T'2Z^d(T 
VZi = Z^Pir-Zida 



and: 



ZrZ'^ + ZiZ' = /ATas^?^ 

ZrZ'-ZiZ' = Aae^^ 



Z+Z+ + Z_Z_ = {g e)( 2 
Zj^Z^ — Z_Z_ = eg 



ie-^'^ \ ( g 



2 



The last two cases in D = 6 are N = (2, 0) and Type IIB [N = (4, 0)) theories 62 



For Type IIB the field content is: 
Gravitational multiplet: 

(V;, ^A^, 55+ ) (/i = 1, ■ ■ ■ , 6 ; A = 1, ■ ■ ■ , 4) (5.98) 

Tensor multiplets: 

iB^,,\A,5<py (/ = l,---,n) (5.99) 

and the scalar coset manifold is: 
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Table 9: Transformation properties of the fields in D = Q, N = (4, 0) 



D = 6, N = (4,0) 
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0(5) X 0{n) 


(1,1) 


(1,1) 
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(4,1) 


(4,77) 


(5,77) 



The transformation properties of the fields are encoded in the following Table ^ 
where HAut = 0(5) acts as Usp{4) on the indices A, B of the left-handed gravitino 
and right-handed spin 1/2 fermions A^"^ of the tensor multiplet. Hmatter = 0{n) 
acts on the indices /. As usual we decompose the coset representative of G/H as 
follows: 



A rAN 
r ■>'^I ) 



l,---,5 



(5.101) 



and, setting = L^'Jab (Iab^^^ gamma-matrices of 0(5)), the supercovariant 
three-form and the vielbein can be written as follows: 

-A -rA-r „i.B-,ra , „ r Ax-^ ■ 



where P^^ 
are: 



H'' = rfS'^ + ciL^^t/^^T.t/^^V^" + csL^^A^r.bTAsC^^V^^V^" (5.102) 

pir ^ pir _^A^IB^^r^^^ (g^^gg) 

= P^dcl)^ is the vielbein of G/H. The transformation laws of the fermions 



SiIja 



Dea + aiT^BiafccA^'^'^'C^^ecKi + ■ ■ ■ (5.104) 
P/,9,0T"(7'-)'^^eB + feaTlr^T^^eB + • • • (5.105) 



where the 3- form dressed field-strenghts appearing in the gravitino and dilatino 
transformation laws are: 



(5.106) 
(5.107) 

(5.108) 
(5.109) 



Tab 

Ti = Lai H^. 

We get the following central and matter charges {Z.,. = ^ZabI^^) 

Zi = LaiQ^ 

We note that in this case there is no distinction between magnetic and electric 
charges. Indeed from the previous definitions it follows: 

A/'as'^'' = ^As^"" (5.110) 
Integrating both sides on a three-sphere we get: 

CA = VK^g^ (5.111) 

The differential relation derived from the Maurer-Cartan equations and the sum 
rules are: 



VZr 
VZj 
Zj.Zj. + ZjZj 
Zi-Zf — ZjZi 



ZiPl 

Z'Prl 



(5.112) 
(5.113) 
(5.114) 
(5.115) 
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Finally, we consider shortly the = (2, 0), = 6 theory [Q, [Q, |3 
The field content is: 
Gravitational multiplet: 



Tensor multiplets: 
Vector multiplets: 
Hypermultiplets: 



/n] 



The coset manifold is in this case: 



(/i=l,---,6; A = l,2) 

(/ = 1, 
(a = I,-- , 



m 



U[n) 



(5.116) 

(5.117) 
(5.118) 
(5.119) 

(5.120) 



where Q is a quaternionic manifold parametrized by the hypermultiplet scalars 
q. Notice that in this theory the automorphism group coincides with the holonomy 
factor SU (2) of Q. However, since the hypermultiplets do not enter in the definition 
of the supersymmetry charges, we forget about them in the following. Table p!0 
shows the transformation properties of the fields where ipA and are chiral while 
are antichiral. We set 

Table 10: Transformation properties of fields in D=6, N=(2,0) 



D=6, N=(2,0) 
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L = {L\L^) 

and write down the supercovariant field-strenghts as: 



pa 



lA 



(5.121) 



(5.122) 
(5.123) 
(5.124) 



where 
A,B,--- = 



= P\d(lf is the vielbein of G/H, C^^ are constants and the SU{2) indices 
1, 2 are contracted with e^s. The fermions transformation laws are: 

DeA + hT,,j:'^'eAV' + ■■■ 



Sip A 

5x'^ 
5X1 



h.F^.T'^'eA + ■■■ 



(5.125) 
(5.126) 
(5.127) 
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with: 

T = LaH+^, T^ = L\H-^ (5.128) 

Using a by now familiar procedure we may construct the charges associated to 
three-form = {L^H+ + LfR-^): 

Z = La9^ (5.129) 

Zi = L^ig^ (5.130) 

satisfying: 

VZ = ZjP^ (5.131) 

WZi = ZPi (5.132) 

ZZ + ZiZi = /ATas^^ (5.133) 

ZZ-ZiZi = g^'vA^g'' (5.134) 

As in Type I IB theory there is no distinction between electric and magnetic charges. 
We have of course also the charges associated to the vector two-form F", namely 
the magnetic charge: 

m" = f (5.135) 



and the electric charge: 
since in this case the kinetic matrix for the vector is: 



e„ = y^^LAC^^^F" (5.136) 



Afa(3 = LaC^^. (5.137) 

6 Maximally extended supergravities in odd dimen- 
sions 

The common feature of all maximally extended supergravities is that the relations between 
central and matter charges are now substituted by relations among central charges only, 
in the same way as it happens in D = 4, = 5, 6, 8. By abuse of language we also include 
in this section the D = 5, N = 6 theory which, though not maximally extended, does not 
admit matter coupling. 



D = 5, N = 6 ^ Coset manifold: 



Field group assignments: 

where A, B; A,T, = 1, ■ ■ ■ ,6, the spinors are pseudo-Majorana and the dilatino field 
Xabc can be decomposed as follows: 

Xabc =Xabc +'C[abXc] (6.2) 
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Table 11: Transformation properties of fields in D — 5, N — 6 
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Xabc being the antisymmetric C^^-traceless representation of Usp{6). In D = 5, 
= 6, we have 15 vectors in the antisymmetric irrep of SU*{6). We take the coset 
representatives in the same representation, namely L^\b — -^[a-^b]) where L\ is 
in the fundamental representation of SU*{Q) and A, E and A,B are SU*{Q) and 
C/sp(6) indices respectively. Note that with respect to C/sp(6) we have: 

L'-^B-L + (6.3) 

oAS 

where L is C^s-traceless. The coset representative satisfies: 



The supercovariant vector field-strengths and vielbein are: 



(6.4) 



= d^^^+[L^^;i^(aiV>'' + a2V'c7aX^'''^'n+/i.c.J (6.5) 

Pab = Pab-iI^^Xabc (6-6) 

where P^b = PAB,id'P^ belongs to the 14 irrep. of USp{6) (that is it is antisym- 
metric and €ab traceless). The fermion transformation laws define the physical 
graviphotons Tab' 

S^JA = DeA + a^TAB\ab^'''"'e''V,+ --- (6.7) 

^Xabc = a4-P[AB7aec] + a57"^^a6|[ABec] H (6.8) 

where the two-form Tab is given by: 

Tab = \LKnABF^'' (6.9) 
The magnetic central charges are: 

Zab = I Tab = \LK^ABg-'''' (6.10) 
and with the usual procedure, setting 

Zab^Zab+<CabZ (6.11) 



AS / TtAj.B I „ 7/7 „, ^ABCi/a 
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we get Q 

VZab 
and the sum rule: 

where: 



1 o 

° 1 ° 2 

■Z'cmC Pb\d + -Cab^'lm-P + -ZPab 

3 



rA 



1 ^7 



AS,rA 



1 -^AB 



(6.13) 
(6.14) 

(6.15) 
(6.16) 



D = 5, = 8 |65 



The coset manifold is Ee(^e)/Usp{8) and the coset representative L^, antisymmetric 
and Cab traceless in the USp{8) indices AB, is taken in the 27x27 defining represen- 
tation of -^6(6)- The Usp{8) indices A, B are raised and lowered with the symplectic 



metric (Dab {i-e. Zab = '^al'^bmZ 



Spinors are symplectic-Majorana. 



The field content and the transformation properties are given in Table 0. As usual 
Table 12: Transformation properties of fields in D = 5, = 8 
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42 



the coset representatives appear in the supercovariant field strengths as follows: 



nAS 



FAS ^ + a2iP'TaXABcL''^''''V- 



KLBC-tra 



(6.17) 



while the vielbein Pabcd = PABCD,id(p\ completely antisymmetric and pseudoreal, 
is related to its supercovariant part Pabcd as: 

Pabcd = Pabcd — ^[aXbcd] (6.18) 

The physical graviphotons appear in the transformation laws for the fermions: 

SijA = DeA + hTAB\ai>^'''"e^V, + --- (6.19) 

5XABC = hPABCD,daCi>'T'^e'' + 63 (T[AB|a6r"^ec] - ^C[ABTc]D|a6r'^^e^) (6.20) 



where 



AB 



T pAS 



^We have adopted the convention, for lowering and raising indices, that: 



(6.21) 



(6.12) 
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and the vectors kinetic matrix is: 

^ AB ^ A BD 

A/asifa = -Labaj:L = -Labay^Lcdfa'^ C (6.22) 

where Labai: = (L^^ab)'^- 

Defining the magnetic and electric charges 

= / ; CAS = / ^AfA^rAF^^ (6.23) 

the magnetic central charges are: 

Zab = ^i^ASAB(0)^7^'' (6.24) 
The Maurer Cartan equations for the L's are: 

JT-AS _ 1 rAE qCD , ^rASCDp (R 
"-^ AB — 2 CD^'' AB+2 ^CDAB [p.Zi)) 

where ^^'ab = ^Q^'f^^w^ belongs to the Lie algebra of f/sp(8). It follows: 



^iusm)z^^ = ^Z^^'PanAB (6.26) 



Furthermore, from ( |6.22| ) we find 



^ZabZ^"" = i/^ATAsirA/^ (6.27) 



The electric central charges are given by: 



Zil = ^^^^^B(</')eAE (6.28) 



D = 7,N = 4 |66 



The coset space is: 

g/(5,lR) 

G/H = (6.29) 

and the field content with the transformation properties under G and H is given in 
Table |T3|, where ip^ and are symplectic-Majorana spinors and satisfies the 



Table 13: Transformation properties of fields in D = 7, N = A 
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irreducibility constraint 

(7/)abx''' = (6.30) 
43 



7/ being the 0(5) gamma matrices. USp{4) symplectic indices A,B, - ■ ■ are raised 
and lowered with <Cab- Besides L^j in the fundamental representation of Sl{5) we 
also introduce the coset representatives I/^/j = l'|^L^I in the representation 10 of 
0(5). 

Then the supercovariant field strengths are: 

+ asLAi^ATabx'^V'V'' (6.31) 

+ hL^'ij{r')ABi^^r,x'''V'^ (6.32) 

Pij = Pij-i^\f{'yj))AB (6.33) 

where Pjj — Pjj^idcf)'^ ( /, J symmetric and traceless) is the coset vielbein. 
The fermion transformation laws are: 

5^JA = DeA + c{rf^\^,^A-'^'e''V, + c,T%^,A^^^^^ (6.34) 

= ^f5a0T'^(7j)AB6^ + C3rS;,rt^ + C4^^^^^^ (6.35) 

where {F^^ = dA^^, Ha = dB^) 

t{%^ = Lfi^'UsHA (6.36) 

t11% = Lj{j''-4S''1UBHA (6.37) 

T^AB) = Las'''(7/j)abF^^ (6.38) 

^Ss = Lj,i''{^iKj-35iKlj)ABF'''' (6.39) 

By integrating the 3-form T^^, T^Jb '^'^ the 2-form T^^, T^^'' on 5*^ we get 
the following set of central and matter charges: 

zfL) = ^^ae-'(7/7)ab/^ (6.40) 

= Lj{^%B9^ (6.41) 

Z%B) = L^Ai''-4S^'1)ab9^ (6.42) 

'(2) _ If J^/'^ ._^AS 



where 



.»^ = y^.F- ; 9. = y^,i/. (6.44) 



and -^(^ifi) and Z^jj^^ satisfy the constraint: 

{1iZ'^''>)ab = {iiZ'^^^)ab = (6.45) 
Prom the Maurer Cartan equations 

V(«(^))Lm = L/P,, (6.46) 
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LILy.1 



and from the definition of the kinetic matrix 
we find: 

y(0(5))^/(3) ^ 
y(0(5))^/J(2) ^ ^i2)K[JpI] 



(6.47) 

(6.48) 
(6.49) 
(6.50) 



where we have traded the f/sp(4) indices of the dressed charges with 0(5) indices 
according to: 



^/(3) 
^IJ(2) 

D = 9, N = 2 The coset manifold is: 



G/H='J§^. 0(1,1) 



(6.51) 
(6.52) 



(6.53) 



and the field content and group assignements are given in Table IT^. Here A, B, C are 



Table 14: Transformation properties of fields in D = 9, = 2 
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0(2) vector indices, L\q is the coset representative of '^q^^^-' symmetric and trace- 
less in A, B, e" parametrizes 0(1, 1), A = 1, 2 are indices of S'/(2, IR) in the defining 
representation. ipA, Xabc are Majorana spinors. Xabc is completely symmetric and 
can be decomposed as 

Xabc =Xabc +hABXc) (6.54) 
The supercovariant field strengths are defined as follows: 

H^^^^ = dB^ + aieAs(^^ A dA^ + A^ A dA^) + ase'V^^r^V's'^^^i^V 

+ ase''i^c^abX''''''V''V''€AB (6.55) 
= dC + h {B^ A rf^A + A A A dA^e^^) + feae^z^^r^fe^^^" A V^ab 

(6.56) 
(6.57) 
(6.58) 
(6.59) 
(6.60) 



dA"" + c,L\si^U'' + caL^^x^^^r.^cV^" 

■A , . , rr— -r^ ,A-l 



F = dA + d^e''ipyjA + d2e''xA^ai^''V'' 
Pab = Pab 



-tC o 

Xabc 



da = da — i/j^Xa 
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where Pab - 
laws are: 



ABAC 



is the real vielbein of The fermion transformation 



/Y^cd^By^ 



SXABC = /^lP(AB,^9„0T«ec) + /^27;6c<i^«^^''<5(ABec) 



where 



2^(4) 
.(3) 



r(2) 

-{AB) 



AAB 



//(3)A 



(6.61) 
(6.62) 

(6.63) 
(6.64) 
(6.65) 
(6.66) 



By integration of the previous (p + 2)-forms on S^'^'^ we get the magnetic central 
charges: 



e-'-L^ABg''; 9'' = I H^'^^ 

^AB) - LAABm'' m^^l F(2)^ 



^(4) 

7(3) 
^AB 

7(2) 



(6.67) 
(6.68) 
(6.69) 
(6.70) 



Using now the Maurer Cartan equations for the coset representative e '^L\ab we 
find: 



V^(')(e"''^AAB) = e-^{L^c{APB)c - daL 



AAB) 



where the indices between brackets are symmetric and traceless. Therefore: 



7(3) 

^AB 



7(3) 

^AB 

^CiA \ p 
7(2) ' ^' 



Finally the kinetic matrices for the p-forms are: 

^(4) ^ 



2a T T AB 
LXAB^-E 

AB 



AS — 2^AAB^E 



,-2o- 



(6.71) 

(6.72) 
(6.73) 

(6.74) 
(6.75) 

(6.76) 

(6.77) 
(6.78) 
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It follows: 



(^(4))2 
1^(3)^(3)AB 



1^(2)^(2)AB 





(6.79) 


g'J^ng"" 


(6.80) 




(6.81) 




(6.82) 




(6.83) 



7 D = Q and D = 8 maximally extended supergravities 



The field content of D = 6 = (4, 4) supergravity is given by the following 
gravitational multiplet: 

(y;, ^Pa,, 5;/, Af, XAi, XAi. L\) (7.1) 

{1,1 = 1, ■ ■ ■ , 5; a,a = 1, ■ ■ ■ , 4; A,A = 1, ■ ■ ■ , 4; x,y = 1, ■ ■ ■ , 10) where L^y is the 
coset representative of: 

G/H = (7.2) 



and 



0(5) X 0(5)^ 



HAut = Usp{A) X Usp{A) ~ 0(5) X 0(5) 



(7.3) 



The group theoretical assignments for the fields are defined in Table 15. Here, ipA-, '4' 



Table 15: Transformation properties of fields in maximally extended D = 6, N = (4,4) 
supergravity 



D = 6, N= (4,4) 


ya 
> 




rpcxa 
pu 


7-A 7-A 

/, p 






Rh 


0(5,5) 


1 


10 


16 


10 


i;i 


i;i 




0(5) X 0(5) 


1 


(1,1) 


(1,1) 


(5,1); (1,5) 


(4,1); (1,4) 


(5,4); (4,5) 


(5,5) 



are chiral and antichiral gravitinos and transform under Haui in the fundamental 
representation of the two Usp{A) factors respectively. The dilatinos Xia^Xia 
instead spinor-vectors under each 0(5) with the couple of indices I A {I A) trans- 
forming in the 5 and 4 of the two 0(5) factors respectively. The dilatinos chiralities 
are related to dotted and undotted indices in the opposite way as for the gravitinos. 
The conversion between 0(5) and USp{'i) indices is performed via the 0(5) 7- 
matrices (7^)ab, {.1^)ab- Raising and lowering of the Usp{4) indices are performed 
with the symplectic metric C^s according to the rule: ipA = ^AB'ip^ (and the same 
for dotted indices). 

Note that we have labelled the index of the spinorial representation 16 of 0(5,5) 



47 



with a couple of indices a. a. The coset representative in the 16 irrep will be de- 
noted in the following U""^^ Let us recall that in = 6 we can decompose into 
real self-dual and antiself-dual parts which transform irreducibly under the Lorentz 
group. Defining 

H^ = {H^+,H^-) (a; = 1,---,10;A= l,---,5) (7.4) 

0(5, 5) acts as a T-duality group on in the fundamental representation. How- 
ever, in D/2 = p+2, p odd, the p+2-forms are also acted on by the Gaillard-Zumino 
duality group 0{n, n) (n being the number of p + 2 tensors). In D = 6, p = 1 and 
n = 5, so that the Gaillard-Zumino duality group is again 0(5, 5). Quite generally, 
when D/2 — p + 2, p odd, the kinetic lagrangian for the p + 2-forms H^^ has the 
following form: 

Ckin = H+''j\f^^H-^ + H-''N^^H+^ (7.5) 
where the kinetic matrices satisfy: 

= -{N^f (7.6) 
and transform projectively under 0(n, n): 

N^' = (O + DN^) x{A + BN^)-\ (7.7) 



Here we have used a notation where a generic element of 0(n, n) is decomposed in 
n X 11 blocks as follows: 

A B 
C D. 



eO{n,n) (7.8) 



satisfying: 



C'A + A'C = (7.9) 

C^B + A^D = 1 (7.10) 

D^A + B^C = 1 (7.11) 

D'B + B'D = (7.12) 



where the 0(n, n) invariant metric has the off diagonal form: 

,^(; s). (7.13) 

Identifying S with the coset representative of 0(n, n) it is convenient, in analogy 
with the 4 dimensional case, to express the n x n subblocks of L in the following 
way: 

and the orthogonality relations become: 

h%f^ + flh^ = (7.15) 
hiU + fih± = ±1 (7.16) 
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The kinetic matrices M+^M- can be expressed in terms of f± and h± as follows: 

h. = M+f. (7.17) 
h+ = M^U (7.18) 



so that ( |7.15| ) can be also rewritten as: 

/4(Ar_-Ar+)/± = l (7.19) 

As in the four dimensional case, the matrices A/± transform projectively under the 
5- duality group 0(5,5): 

M^ = {C + DJ\r±){A + BJ\r±)-^ (7.20) 

It is useful to also introduce the coset representative of 0(5, 5)/0(5) x 0(5) in 
the spinorial representation (16) of 0(5,5), pertaining to vectors: it is where 
aa = 1,---,16 G 0(5,5); A, A = l,---,4 G S'f/(4) ~ 0(5). It appears in the 
supercovariant field-strength of vector fields, and in the supersymmetry transforma- 
tion laws of fermions where vectors are involved. The corresponding kinetic matrix 
J^aaf3$ is defined like for odd dimensional theories (no Gaillard-Zumino duality acts 
for one- form potentials in six dimensions): 

■'^aapp — ^aaAA^ /3f3 

The supercovariant field-strengths are: 

H^^ = {dB^y + {f^4^^<g^l)^^f,^F'^''A^Y (7.21) 

+ ft ((7')AB?^r,^^\/'^ + x^'T,,^^V^V') (7.22) 

^A- ^ (di?A)- + (/A(y®l)_^^F"<^A^^)- (7.23) 

+ /t(7')AB(V^^r,^^\/'^ + x^^r,,^^\/«F^) (7.24) 

Pu - ^^x/(7j)ab - ^\i''ilj)AB (7.26) 



ij 



The transformation laws of the chiral fermions are: 

S^A = Z^eA + T,+|,,,A'^^'='^(7,)^^eBr, + T^^|,,A'^VK + --- (7.27) 

Sx'^ = pfr'^e^(7^)^^ + r,+|,,,r'^^'=e^ + 2]f,^rt^(y)^^-K... (7.28) 



where: 



Ti+ = fAi+H+^ (7.29) 
TaA = U^^aaF'"' (7.30) 
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The central charges for the 3- and 2- forms are found by integration of the corre- 
sponding 3- and 2-forms T+i,T^^ on and 5"^ respectively. Defining: 



if^ = g'' (7.31) 
1,Ga = eA (GI ^ = X^^H^^) (7.32) 

where g and e are magnetic and electric charges respectively, we find: 

Z+i = //,^+(Ar_-Ar+)Asi/^+ 

= hM+g"" + /^eA (7.34) 

Note that in the second line of eq. (7.32) we have inserted the last two terms which 
sum up to zero using the relations (7.18) and (7.30). 

In an analogous way one gets: 

Z_j = h^j_g^ + flej, (7.35) 
For the magnetic charge of the dressed vector fields we get: 

ZaA = U^aAAd'"' (7.36) 
The Maurer-Cartan equations give the following relations: 

VZj^ = PjjZj_ (7.37) 
VZ^^ = ^^^(70/(7')/i',j (7.38) 

The sum rules for the dyonic charges associated to the 3-forms can be obtained by 
using the same procedure as in the 4-dimensional case, provided we use the (|7.19|) 
instead of (|3.4CI| ). One gets: 



Z+iZ^i + Z_iZ_i = {g,e)M{U+M-) (^) (7.39) 



where: 



U(Ar_-Ar+)-i(Ar_+Ar+) 2(Ar„-Ar+)-i ) ^^"^"^ 

and: 

Z^iZ+j - Z_iZ^i = 2ge. (7.41) 
For the vector central charges one gets: 

Z^j,Z^^ = g-Ka,,9''. (7.42) 
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We observe that we have obtained five electric charges ca and five magnetic charges 
g^. However, as in the D = 6, iV = 1 case, electric and magnetic charges are 
not independent. Indeed, if we use the 3-form previously defined, we have the 
T-duality relations: 

N.yHy = 11,; Ry (7.43) 

where: 

N,y = L^jLyj + L^jL^j (7.44) 
r],y = L^iLyi - L^jLyj (7.45) 

and L^iiL^j are the representatives of 0(5,5) in the fundamental representation. 
Therefore, as in the D = 6, iV = (2, 0) case: 

= -e, (7.46) 

so that the distinction between electric and magnetic charge is immaterial. From 



( 7.43 ) it follows that L^iH^ has definite self-duality. Indeed we have: 

L^iH^ = L^jiN-'ryr^^, ^H^ = L^r/^, ^H^ = L,, ''H^ (7.47) 

The analogous expression L^jH^ is antiself-dual. Finally, we observe that the matrix 
Nrcy, contrary to what happens for A/±, transforms tensorially under 0(5, 5). 

The relation between the matrices A/±, transforming projectively, and the matrix 
N^y defined above, transforming tensiorally under 0(5, 5), turns out to be given by: 

M{X+,Af-) = C^NC 

where: 

1/1 1 

Let us now discuss the N = 2, D = 8 theory [ |68| . 
Coset manifold: 

g/(3,lR) g/(2,lR) 

- -ow ~m~ ^ ^ ^ 

Field content: 

(\//, 0,.„ Lt, (7.49) 

where Lf, (A, 1=1,2, 3) is the coset representative of "^^^g"^^ and A" (a, i = 1, 2) is 
the representative of A = 1, 2 is a SU{2) index of Haui = SU{2) x f/(l) and 

ipA, X^^ ^T^^ Isft handed spinors, the right handed parts being denoted by tp^, Xa- 
is convenient to decompose x"^^ i^ito the | and | SU{2) representations according 
to: 

X^^ = X + {-YbX' (T.50) 
The group theoretical assignments are displayed in Table ^ 
We parametrize the coset representative of '^'^^^^^ in the following way: 



Ll 



(7.51) 
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Table 16: Transformation properties of fields in D=8, N=2 



D = 8, iV = 2 


ya 




tiv 










X 






5/(3, IR) 


1 


1 


3 


3 


3 


1 


1 


1 


1 




5/(2, IR) 


1 


1 


1 


2 


1 


2 


1 


1 


1 




SU{2) 


1 


1 


1 


1 


3 


1 


2 


4 


2 


5 


U(l) 

















1 


1 

2 


1 

2 


3 
2 


2 



where: 

ry^^L^L^ = 1 (7.52) 

1+ = (7.53) 

and we define: 

f = Ll + Ll ; /i = L^-L^ (7.54) 

The Sl{2,]R) group acts as a Gaillard-Zumino S-duality group on the 5/(2,11) 
vector (H^^^'^,Q^^^'^) where 

= (7.55) 
the kinetic 1x1 "matrix" J\f = S being given by: 

Furthermore, the same group 5/(2, H) acts as a T-duality group on the doublet 
of 2-forms F^, (A = 1, 2, 3) so that in the supercovariant expression of there 
appear naturally L^, while in the supercovariant 4-form there appear naturally the 
expressions / = + L^. The supercovariant field strengths and vielbein are: 

^(4) = dC + f(a,i^''Tabi^''eAB + a2i^Arabcxi{<^i)^'' + h.c.) 
^ + {asB^ AFA + h.c.) (7.57) 

+ b2{i^A^a^''Lf{aj)j,^V'' + hi^^r^bx'^'LfV^V' + h.c.) (7.58) 

+ C2i^^T,x'^LU<^K)ABe''''V'' + h.c.) (7.59) 

piJ ^ P''-{{ i;s{a')^ + h.c.) (7.60) 
P = P-ix^T/jA + h.c.) (7.61) 

where P^'^ = P\^d(lf is the 5/(3, lR)/0(3) vielbein, symmetric and traceless in the 
0(3) indices /, J, while P = P,sdS is the complex 1-bein of 5^7(1, 1)/?7(1) ~ 
5/(2,lR)/0(2). 
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The transformation rules for the fermions are: 

+ d,TitA^''^ia')feBVa + dsTi'\,ia%BA^'^e^V, + • • • (7.62) 

+ hTfU<y'' -25^Y''^B + --- (7.63) 

+ ^3T„?lr''(a0^^6B + --- (7.64) 

where: 

2^(4)- _ J'^H- (7.65) 

rf) = LAji/^ (7.66) 

T?2 = Lo^±L\Fl (7.67) 

Note that as in D = 4 we have: 

rp{i)- ^ J-^H- = {M- Jf)fH- = hH- - fg- = hH-fg = T(^) (7.68) 

since: 

hH+ - fg^ = 0. (7.69) 

Integrating on 5^+2 the (p+2)-forms T^^), rf \ tJ^^ appearing in the fermions trans- 
formation laws we obtain: 

^(4) ^ hg-fe (7.70) 
Zf = L^/ (7.71) 

Zf2 = L^^Lfg'^ (7.72) 

Note that the central charge associated to the 4-form is dyonic while those associated 
to the three and two forms are magnetic. The corresponding electric charges are 
retrieved as usual by integrating Af^^H^ and M^f'Fj^. 

The Maurer-Cartan equations give rise to the following differential relations among 
the charges: 

WZ+j = Z+iP++ + Z_:P_+ (7.73) 
VZi = ZjP^j (7.74) 
VZ = -ZP (7.75) 

where P++ and P_+ are the components of the zweibein of '^^^^^ in a real notation. 
Finally, from the explicit expression of the kinetic matrices: 

A^(^) = hf-^ (7.76) 
= LA/i^s/ (7.77) 
Mtf = {La+Lp+ + La_Lp_)LfLf (7.78) 
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we get the following sum rules: 



Z,Zi = g^'AfA^g'' (7.79) 

■/3 



Z+jZ^j = glUtfg^^ (7.80) 



{g,e)M{^] (7.81) 



M 



1 -ReM\(ImM W 1 0\ 
1 A ImJ\f~^)\-ReJ\f l)' ^' '^^^ 
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